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Abstract. With a basic knowledge of cohomology theory, the background 
necessary to understand Hodge theory and polarization, Deligne's Mixed Hodge 
Structure on cohomology of complex algebraic varieties is described. 

Introduction 

We assume that the reader is familiar with the basic theory of manifolds, basic 
algebraic geometry as well as cohomology theory. For instance, the reader should 
be familiar with the contents of [31] , [2] or [31] , the beginning of [3S] , the notes [13] 
in this book. 

According to Deligne [6] and [7], the cohomology space C) of a complex 

algebraic variety X carries two finite filtrations by complex sub- vector spaces, the 
weight filtration W and the Hodge filtration F. In addition, the subspaces Wj are 
rationally defined, i.e., Wj is generated by rational elements in H"{X,Q). 

For a smooth compact variety, the filtration W is trivial; however the filtration 
F and its conjugate F, with respect to the rational cohomology, define the Hodge 
decomposition. The structure in linear algebra defined on a complex vector space 
by such decomposition is called a Hodge Structure (HS). 

For any complex algebraic variety X, the filtration W is defined on H^{X,Q). 
We can define the homogeneous part GrY H" {X, Q) — Wj/Wj^i of degree j in the 
graded vector space Gr^i?"(X, Q) := (Bj£i,Wj /Wj-i associated to the filtration 
W of H"'{X, Q). For each integer j, there exists an isomorphism: 

Grf i?"(A, Q) ®Q C ~ Grf i?"(A, C), 

such that conjugation on G'r]^iJ"(X, C) with respect to Gr]^iJ"(X,Q) is well- 
defined. Deligne showed that the filtration F with its conjugate induce a Hodge 
decomposition on Grj^i?"(X, C) of weight j. These data define a Mixed Hodge 
Structure on the cohomology of the complex algebraic variety X. 

On a smooth variety X, the weight filtration W and the Hodge filtration F 
reflect properties of the Normal Crossing Divisor (NCD) at infinity of a completion 
of the variety, but are independent of the choice of the Normal Crossing Divisor. 

Inspired by the properties of etale cohomology of varieties over fields with positive 
characteristic, constructed by A. Grothendieck and M. Artin, Deligne established 
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the existence of a Mixed Hodge Structure on the cohomology of complex algebraic 
varieties, depending naturally on algebraic morphisms but not on continuous maps. 
The theory has been fundamental in the study of topological properties of complex 
algebraic varieties. 

After this introduction, we recall the analytic background of Hodge decomposi- 
tion on the cohomology of Kahler manifolds. We mention l8j and [37 , which are 
references more adapted to algebraic geometers, and where one can also find other 
sources as classical books by A. Weil [3D] and R.O. Wells il for which we refer 
for full proofs in the first two sections. In the second section, we recall the Hard 
Lcfschctz Theorem and Ricmann bilinear relations in order to define a polarization 
on the cohomology of projective smooth varieties. 

We give an abstract definition of Mixed Hodge Structures in the third section as 
an object of interest in linear algebra, following closely Deligne ,6 . The algebraic 
properties of Mixed Hodge Structures are developed on objects with three opposite 
filtrations in any abelian category. In section four, we need to develop algebraic 
homology techniques on filtered complexes up to filtered quasi-isomorphisms of 
complexes. The main contribution by Deligne was to fix the axioms of a Mixed 
Hodge Complex (MHC) giving rise to a Mixed Hodge Structure on its cohomology. 
A delicate lemma of Deligne on two filtrations needed to prove that the weight 
spectral sequence of a Mixed Hodge Complex is in the category of Hodge Structure 
is explained. This central result is stated and applied in section five, where in par- 
ticular, the extension of Hodge Structures to all smooth compact complex algebraic 
varieties is described by Hodge filtrations on the analytic de Rham complex and 
not harmonic forms, although the proof is by reduction to Kahler manifolds. 

For a non-compact smooth algebraic variety X, we need to take into account 
the properties at infinity, that is the properties of the Normal Crossing Divisor, the 
complement of the variety in a proper compactification, and introduce Deligne's 
logarithmic de Rham complex in section 6. 

If X is singular, we introduce a smooth simplicial covering to construct the Mixed 
Hodge Complex in section 7. We mention also an alternative construction. 

Each section starts with the statement of the results. The proofs are given in 
later subsections because they can be technical. Since a Mixed Hodge Structure 
involves rational cohomology constructed via techniques different than de Rham 
cohomology, when we define a morphism of Mixed Hodge Structures, we ask for 
compatibility with the filtrations as well as the identification of cohomology via the 
various constructions. For this reason it is convenient to work constantly at the 
level of complexes in the language of filtered and bi-filtered derived categories to 
ensure that the Mixed Hodge Structures constructed on cohomology are canonical 
and do not depend on the particular definition of cohomology used. Hence, we add 
a lengthy introduction on hypercohoniology in section 4. 

As applications let us mention Deformations of smooth proper analytic fam- 
ilies which define a linear invariant called Variation of Hodge Structure (VHS) 
introduced by P. Griffiths, and limit Mixed Hodge Structures adapted to study the 
degeneration of Variation of Hodge Structures. Variation of Mixed Hodge Structure 
(VMHS) are the topics of other lectures. 

Finally we stress that we only introduce the necessary language to express the 
statements and their implications in Hodge theory, but we encourage mathemati- 
cians to look into the foundational work of Deligne in references [6] and to 
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discover his dense and unique style, since here intricate proofs in Hodge theory and 
spectral sequences are only surveyed. We remark that further developments in the 
theory occurred for cohomology with coefficients in Variations of Hodge Structure 
and the theory of differential Hodge modules ([T].[32]). 
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1. Hodge decomposition 

In this section we explain the importance of the Hodge decomposition and its 
relation to various concepts in geometry. Let £*{X) denotes the de Rham complex 
of differential forms with complex values on a complex manifold X and £P''^{X) the 
differentiable forms with complex coefficients of type {p, q) (see 11.2.31 below) . The 
cohomology subspaces of type {p, q) are defined as: 
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Theorem 1.1 (Hodge decomposition). Let X he a compact Kdhler manifold (see 
li.5]) . There exists a decomposition, called the Hodge decomposition, of the complex 
cohomology spaces into a direct sum of complex subspaces: 

H\X, C) = ©p+5=,i?f'«(X), satisfying = H<i P{X). 

Since a smooth complex projective variety is Kahler (see II .241) . we deduce: 

Corollary 1.2. There exists a Hodge decomposition on the cohomology of a 
smooth complex projective variety. 

The above Hodge decomposition theorem uses successive fundamental concepts 
from Riemannian geometry such as harmonic forms, complex analytic manifolds 
such as Dolbeault cohomology and from Hermitian geometry. It will be extended 
later to algebraic geometry. 

The manifold X will denote successively in this section a differentiable, complex 
analytic, and finally a compact Kahler manifold. We give in this section a summary 
of the theory for the reader who is not familiar with the above theorem, which 
includes the definition of the Laplacian in Riemannian geometry and the space 
of harmonic forms isomorphic to the cohomology of X. On complex manifolds, 
we start with a Hermitian structure, its underlying Riemannian structure and its 
associated fundamental (1, 1) form used to construct the Lefschetz decomposition. 
It is only on Kdhler manifolds when the form is closed that the components of type 
(p, q) of an harmonic form are harmonics. For an extended exposition of the theory 
with full proofs, including the subtle linear algebra of Hermitian metrics needed 
here, we refer to [H], see also [IB], [31] ( for original articles see [27] and even [29]). 

1.1. Harmonic forms on a differentiable manifold. A Riemannian manifold 
X is endowed with a scalar product on its tangent bundle defining a metric. Another 
basic result in analysis states that the cohomology of a compact smooth Riemann- 
ian manifold is represented by real harmonic global differential forms. To define 
harmonic forms, we need to introduce Hodge Star -operator and the Laplacian. 

1.1.1. Riemannian metric. A bilinear form 5 on A" is defined at each point a; as a 
product on the tangent space Tx to A at a; 

where g^ vary smoothly with x, that is hij(x) :— gx{-^, gf-) is differentiable in x, 
then the product is given as gx — X^i j hij{x)dxi ® dxj. It is the local expression 
of a global product on fiber bundles g : Tx Tx — > Rx ■ It is called a metric if 
moreover the matrix of the the product defined by hij{x) is positive definite, that 
is: gx{u, u) > for all w ^ G Tx. 

A globally induced metric on the cotangent bundle, is defined locally on the fiber 
£x ■= T* := Hom{Tx,R) and more generally on the differential forms f| as follows. 

Let ei, . . . , e„ be an orthonormal basis of Tx, and {e^)je[i.7i] its dual basis of T*. 
The vectors e*^ A ... A e*^, for aU ii < . . . < ip, is a basis of £p, for all x € X. 

Lemma and Definition 1.3. There exists a unique metric globally defined on the 
bundle such that, for all x € X , the vectors e*^ A ... A e*^, ii < . . . < ip, is an 
orthonormal basis of £^ whenever ei, . . . , is an orthonormal basis ofTx. 



MIXED HODGE STRUCTURES 



5 



Indeed, e*^ A . . . , Ae*^ defines a local differcntiable section of £^ due to the fact 
that the Gram-Schmidt process of normalization construct an orthonormal basis 
varying differentiably in terms of the point x € X. 

Definition 1.4. Wc suppose that the manifold X is oriented. For each point x X 
let ej,j G [l,n] be an orthonormal positively oriented basis of Tx^x- The volume 
form, denoted vol, is defined by the metric as the unique nowhere vanishing section 
of Cl^' satisfying vol^ := A . . . A e* for each point x € X. 

Exercise 1.5. The volume form may be defined directly without orthonormaliza- 
tion process as follows. Let Xi,. . . ,Xn denote a local ordered set of coordinates on 
an open subset U of a, covering of X, compatible with the orientation. Prove that 

^ det{hij)dxi A • • • A dxn 
defines the global volume form. 

1.1.2. metric. For X compact, we deduce from the volume form a global pairing 
called the metric 

VV^, r] G £'{X), {ijj, r])L2 = / gxi^ix), r]{x))vol{x) 

Jx 

1.1.3. Laplacian. We prove the existence of an operator d* : £x~^ £x called 
formal adjoint to the differential d: £\ ^ ^x^^i satisfying: 

{d^,v)L- = {i^,d*r,)L2, VV' G £\X),\/7i G 
The adjoint operator is defined by constructing first an operator * 

£x ^ £x~' 
by requiring at each point x £ X: 

gx{tp{x), r]{x))volx = A *77^, VV'x, Vx G Sx,x- 
The section vol defines an isomorphism of bundles Rx — £xi inducing the iso- 
morphisms: _ffoTO(£'3f , Mx) — Hom{£^^,£'^) ~ £x~^- Finally, we deduce * by 
composition with the isomorphism £x — >■ Hom{£x,Rx) defined by the scalar 
product on £x. Locally, in terms of an orthonormal basis, the formula apply for 
ip{x) = e*^ A . . . A e*, = 77(2;); it shows 

*itP{x)) = eel ^■■■^ el-p 

where {ji, . . . ,jn-p} is the complement of {ii, . . . , ip} in [1, n] and e is the sign of 
the permutation of [1, n] defined by ii, . . . , ip,ji, ■ ■ ■ ,jn-p- We have on £j^: 

*2 = (-l)^("-»)7d, d* = (-1)"+'"+! * orf o * = (-1)^ *-i odo* 
Lemma 1.6. We have for all a,(3£ £^{X): 

{a, P)l2 = [ aA*p. 
Jx 
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Definition 1.7. The formal adjoint d* of d is a differential operator and the oper- 
ator A defined as: 

A^d*od + dod* 

is called the Laplacian. Harmonic forms are defined as the solutions of the Laplacian 
and denoted by: 

The Harmonic forms depend on the choice of the metric. A fundamental result 
due to Hodge and stated here without proof is that harmonic forms represents the 
cohomology spaces: 

Theorem 1.8. On a com,pact smooth oriented Riemannian manifold each coho- 
mology class is represented by a unique real harmonic global differential form: 

1.2. Complex manifolds and decomposition into types. An underlying real 
differentiable structure is attached to a complex manifold X, then a real and a com- 
plex tangent bundles are defined and denoted by Tx,m and Tx- The comparison is 
possible by embedding Tx into Tx,r ® C, then a delicate point is to describe holo- 

morphic functions among differentiable functions, and more generally the complex 
tangent space and holomorphic differential forms in terms of the real structure of 
the manifold. Such description is a prelude to Hodge theory and is fundamental 
in Geometry, whether we mention Caiichy-Riemann cqiiations satisfied by the real 
components of a holomorphic function, or the position of the holomorphic tangent 
bundle inside the complexified real tangent bundle. A weaker feature of a complex 
manifold is the existence of an almost complex structure J on the real tangent 
bundle which is enough to define the type of differential forms. 

1.2.1. Almost- complex structure. Let y be a real vector space. An almost-complex 
structure on V is defined by a linear map J :V ^ V satisfying = —Id; then 
dimR V is even and the eigenvalues are i and —i with associated eigenspaces 
and V- m.Vc = V ®k. C: 

= {x - iJx : X &V} C Vc, = {x + iJx ■.xeV}c. Vc- 

where we write v for v ®1 and iv for the element v (E) i- The conjugation cr on C 
extends to a real linear map cr on Vc such that <T{a + ib) = a — ib; we write a (a) = a 
for a e Vc- We note that the subspaces y+ and V~ are conjugate: V+ = V~ such 
that a induces an anti-linear isomorphism a : ~ V~ . 

Example 1.9. Let y be a complex vector space, then the identity bijection with 
the underlying real space Vr of V , (p : V ^ Vr transports the action of i to a real 
linear action J satisfying = —Id, defining an almost complex structure on Vr. 
A complex basis (ej)jg[i,„] defines a real basis {(p{ej),i{(p{ej)) for j £ [l,n], such 
that: Jifiej) —iipiej). For V = C", ip{zi, . . . ,Zn) = (cci, yi, . . . , a;„, y„) and 

J{Xi,yi,. . . ,Xn,yn) = {-yi,Xl,...,-yn,Xn)- 

Reciprocally, an almost-complex structure J on a real vector space W corresponds 

to a structure of complex vector space on W as follows. There exists a family of 
vectors {ej)j^[i^n] in W such that {ej, J{ej)}j^[i^n] form a basis of W. First, one 
chooses a non-zero vector ei in W and proves that the space Wi generated by 
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ei, J(ei) is of dimension two, then we continue with 62 ^ Wi and so on; then, there 
is a complex structure on W for which Cj , j € [1 , J^] is a complex basis with the 
action of i e C defined hy i.ej := J{ej). 

Remark 1.10. An almost-complex structure on a real space y is equivalent to a 
complex structure. In what follows we work essentially with Vc := V (8)r C, then 
the product with a complex number X.{v ® 1) = v ® X will be written Xv. This 
product is not to confuse with the product X* v for the complex structure on V; in 
particular, v ® i := iv while i * w := Jv. We note that the map if : V ^ C Vc 
defined hy x ^ x — iJx is an isomorphism of complex vector spaces. 

1.2.2. Decomposition into types. Let y be a complex vector space and (Vr, J) the 
underlying real vector space with its involution J defined by multiplication by i. 
The following decomposition of Vc is called a decomposition into types 

Vc ^ ® where l/^^o = V+ , V°^' = V' , F''" = V"'^ 

the conjugation is with respect to the real structure of V, that is inherited from 
the conjugation on C. Let W :— HomR{VR, R) and Wc ■= W ®r C; a morphism in 
Homc{V, C) embeds, by extension to Vc, into Wc and its image is denoted by W^'°, 
then VK^'O vanishes on V^'^. Let W'^'^ be the subspace vanishing on V^'^, thus we 
deduce from the almost complex structure a decomposition Wc — W'^''^ © W'^'^ 
orthogonal to the decomposition of Vc ■ Such decomposition extends to the exterior 
power: 

A'^Wc = (Bp+q^nWP", where W^'^ = APW^-° «) A''W°'\W^''^ = 

Remark 1.11. On a fixed vector space, the notion of almost-complex structure is 
equivalent to complex structure. The interest in this notion will become clear for a 
differentiably varying complex structure on the tangent bundle of a manifold, since 
not all such structures determine an analytic complex structure on M . In order to 
lift an almost-complex structure on T^/ to a complex structure on M, necessary 
and sufficient conditions on are stated in Newlander-Nirenberg theorem (see |37j 
Theorem 2.24). 

1.2.3. Decomposition into types on the complexified tangent bundle. The existence 
of a complex structure on the manifold gives an almost-complex structure on the 
differentiable tangent bundle Tx,s. and a decomposition into types of the complex- 
ified tangent bundle Tx,e (Sir C which splits as a direct sum where 
r^'° = {u — iJu : u e Tx,K,z} and r^'° = ^x^- 

For a complex manifold X with local complex coordinates Zj ~ Xj + iyj , j 6 [1 , jt.] , 
we define J(gf-) = g|- on the real tangent space Tx,r,z of the underlying differen- 
tiable manifold. Since the change of coordinates is analytic, the definition of J is 
compatible with the corresponding change of differentiable coordinates, hence J is 
globally defined on the tangent bundle Tx,r. 

The holomorphic tangent space Tx.z embeds isomorphically onto T^'° generated 
^ i(af~ ~*sf~) form Uj —iJ{uj) such that the basis £ [Ij"]) 

in Tx,R,z ® C is complex dual to {dzj = dxj + idyj,j G [l,fi]). From now on we 
identify the two complex bundles Tx and T^'*^ via the isomorphism: 

_ ^_in(9 d 1,9 d d d 1,9 9, 
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which transforms the action of J into the product with i since ^(gf-) = The 
inverse is defined by twice the real part: u + iv 2u. 

The dual of the above decomposition of the tangent space is written as: 

®K c ~ 4° e 

which induces a decomposition of the sheaves of differential forms into types: 

(g)R C ~ ®p+g=k s^" 

In terms of complex local coordinates on an open set U, cj) G £^''^{11) is written as 
a linear combination with differentiable functions as coefficients of: 

dzjAdzj := dzi^A- ■ -Adzi^Adzj-^A- ■ -Adzj^ where / — {ii, • • • , ip}, J — {ji, • • • ,jq}. 

1.2.4. The double complex. The differential d decomposes as well into d — d + 
where: 

d : ^ S^^^'" -.fdzi A dz., ^ ^ -^{f)dz, A dzi A d:zj, 

d:£^/^ S^i"^^ : fdzj A dzj ^ f)<^i ^ dzj A dzj 

are compatible with the decomposition up to a shift on the bidegree, we deduce 
from d2 = d'^+'B^ + dod + dod^^O that 9^ ^ 0, 9^ = and 9 + So 9 = 0. It 
follows that {£*^*,d,d) is a double complex (see pL8j p 442). Its associated simple 
complex, denoted s{E*^* , d, 9), is isomorphic to the de Rham complex: 

{£x <^R'C,d) ~ s{£*^*,d,d). 
In particular we recover the notion of the subspace of cohomology of type {p, q) : 

Definition 1.12. The subspace of de Rham cohomology represented by a global 
closed form of type (p, q) on X is denoted as: 

}jp^<i(^X) := {cohomology classes representable by a global closed form of type (p, } 
We have: W^X) = H^'PiX). 

Remark 1.13. The definition shows that J2p+q=i C Hjjj^iX). Although 

the differential forms decompose into types, it does not follow that the cohomology 
also decomposes into a direct sum of subspaces HP''^{X) , since the differentials are 
not compatible with types. It is striking that there is a condition, easy to state, 
on Kahler manifolds, that imply the full decomposition. Hodge theory on such 
manifolds shows that: 

Hhui^) = (Bp+q^.H^-'^iX). 
Example 1.14. Let A C C" be a rank-2r lattice 

A = {miUJi + . . . + TO2r'^2r; mi, . . . , m2r £ Z} 

where Wi are complex vectors in C, linearly independent over R. The quotient 
group Ta = C/A inherits a complex structure locally isomorphic to C, with 
change of coordinates induced by translations by elements of A. Moreover Ta is 
compact. The quotient Ta = C/A is a compact complex analytic manifold called 
a complex torus. The projection tt : C — > Ta which is holomorphic and locally 
isomorphic, is in fact a universal covering. 
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Family of tori. The above torus depends on the choice of the lattice. Given two 
lattices Ai and A2, there exists an R— linear isomorphism g G GL{2r,M.) such that 
(/(Ai) = A2, hence it induces a diffeomorphism of the underlying differentiable 
structure of the tori g : ~ Ta^. However, it is not true that all tori are 
isomorphic as complex manifolds. 

Lemma 1.15. Two complex tori and are isomorphic if and only if there 
exists a complex linear map g G GL{r,C) inducing an isomorphism of lattices 
5 : Ai - A2. 

Proof. Given two complex torus Ta^ and , an analytic morphism / : Ta^ — >■ Taj 
will induce a morphism on the fundamental groups and there exists an holomorphic 
lifting to the covering F : C — > C compatible with / via the projections: 



Moreover, given a point zi e C and Ai e Ai, there exists A2 e A2 such that 
F(zi + Ai) = F(zi) + A2. 

By continuity, this relation will remain true by varying z G C^; then F and 
its derivative are periodic. This derivative depends holomorphically on parameters 
of Tai , hence it is necessarily constant; then, F is complex afhnc on C, since its 
derivative is constant. We may suppose that F is complex linear after composition 
with a translation. □ 

Moduli space. We may parameterize all lattices as follows: 

- the group GL{2r,R) acts transitively on the set of all lattices of C. 

We choose a basis r = (ri, . . . ,T2,;-i,T2; . . .T2r), i G [l,?"], of a lattice L, then it 
defines a basis of M^'' over R. An element (p of GL{2r,M.) is given by the linear 
transformation which sends r into the basis (^(r) = r' of M^'' over M. The element 
(f of GL{2r,M.) is carrying the lattice L onto the lattice L' defined by the r'. 

- The isotopy group of this action is GL(2r, Z), since r and r' define the same 
lattice if and only if (p G GL{2r, Z). 

Hence the space of lattices is the quotient group GL{2r,M.)/GL{2r,Z). 

- Two tori defined by the lattice L and L' are analytically isomorphic if and only 
if there is an element of GL{r, C) which transform the lattice L into the lattice L', 
as the preceding lemma states. 

It follows that the parameter space of complex tori is the quotient: 



where GL{r,C) is embedded naturally in GL{2r,R) as a complex linear map is 
M— linear. 

For r = 1, the quotient GL{2,M.)/GL{1,C) is isomorphic to C — M, since, up to 
complex isomorphisms, a lattice is generated by 1, r G C independent over M, hence 
completely determined by r G C — K. The moduli space is the orbit space of the 
action of GL(2, Z) on the space GL(2, M) /Gi(l, C) = C - R. Since GL(2, Z) is the 
disjoint union of S'L(2,Z) and the integral 2 x 2-matrices of determinant equal to 
— 1, that orbit space is the one of the action of 5*^(2, Z) on the upper half plane: 



O F = / O TTl . 



GL(2r, Z)\GL(2r, R)/Gi(r, C) 
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Hodge decomposition on complex tori. The cohomology of a complex torus Ta is 
easy to compute by Kiimieth formula, since it is diffeomorphic to a product of 
circles: Ta ~ {S'^f. Hence H^^T^^I) ~ I?-" and H^{Ta,Z) ~ A^i7i(TA, Z). 

The cohomology with complex coefficients may be computed by de Rham coho- 
mology. In this case, since the complex tangent space is trivial, we have natural 
cohomology elements given by the translation-invariant forms, hence with constant 
coefficients. The finite complex vector space Tq of constant holomorphic 1— forms 
is isomorphic to C and generated by dzj,j G [!,?'] and the Hodge decomposition 
reduces to prove W(XX) - ®p+q=] Tq* A«lf,p > 0, g > which is here a 
consequence of the above computation of the cohomology. 



1.2.5. Dolbeault cohomology. 



For r > 0, the complex (f^*' called the r-Dolbeault complex. 



Definition 1.16. The i-ih cohomology of the global sections of the r-Dolbeault 
complex is called the d cohomology of X of type (r, i) 

^ Im{d' : S-^'^-^iX) £^^-{X)) 

On complex manifolds, we consider the sheaves of holomorphic forms ^V-^ := 

Lemma 1.17. The Dolbeault complex {£^*,d) for r > 0, is a fine resolution of 
hence 

H\X,n^x) ^ H^i£TiX)..d) H^\X) 

For the proof, see the 9-Poincare lemma in [18] p. 25 (continued p. 45). 
A cohomology class of X of type (r, i) defines a 9— cohomology class of the same 
type, since {d(p = 0) ^ {dip = 0). 

On a Kahler manifold (see below in II. 5p we can find a particular representative 
w in each class of 9-cohomology, called harmonic form for which: 

{duj = 0) ^ (duj = 0). 

1.2.6. Holomorphic Poincare lemma. The holomorphic version of Poincare lemma 
shows that the de Rham complex of holomorphic forms Vl*^ is a resolution of the 
constant sheaf Cj^ . However, since the resolution is not acyclic, cohomology spaces 
are computed only as hypercohomology of the global sections functor, that is after 
acyclic resolution. 

H'{X,C)c:iW{X,Vl*x) -.^ R'T{X,n*x) ^ H'{£*{X) ®r C) 

1.3. Hermitian metric, its associated Riemannian metric and (1, 1) form. 

The Hermitian product h on the complex manifold X is defined at each point z as 
a product on the holomorphic tangent space to X at z 



satisfying h(u,v) = h[v,u), linear in u and anti-linear in v, moreover hz vary 
smoothly with z. In terms of the basis (^, j S [Ij^]) dual to the basis {dzj,j £ 
[l,ri]) of T*, the matrix hij{z) := hz{-^, ^) is differentiable in z and hij{z) = 
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hji{z). In terms of the above isomorphism ^ r^'° defined by ^ = — 
i-^), it is equivalent to define the Hermitian product as 

h, : T^'^ X Ti'" ^ C, h,^Y^ h,j{z)dz, <8) dzj e £t" <»c 4''^ 

where the Hermitian product on T}''^ is viewed as a linear form on T}''^ (gjTz''^ . The 
product is called a Hermitian metric if moreover the real number hz{u,u) > is 
positive definite for all u 7^ S Tj ; equivalently the matrix h of the product defined 
by hij{z) (equal to its conjugate transpose: /i = */i is positive definite: *uhu > 0. 

1.3.1. Associated Riem,annian structure. The Hermitian metric may be defined on 
TxM.z identified with Tj^'*^ via and extended via the complex structure 

s.t. ^ = J{-^) := «^ ~^ then using the decomposition as the sum of its 
real and imaginary parts 

^z\Tx,^,. = -Re (/iz) + ilm (hz) 

we associate to the metric a Riemannian structure on X defined by gz ■= Re (hz)- 
In this way, the complex manifold X of dimension n is viewed as a Riemann 
manifold of dimension 2n with metric Qz- Note that g is defined over the real 
numbers, since it is represented by a real matrix over a basis of the real tangent 
space. 

Since hz is hermitian, the metric satisfy: gz{Ju, Jv) = gz{u,v). In fact we can 
recover the Hermitian product from a Riemannian structure satisfying this property. 
Prom now on, the Hodge operator star will be defined on Tx,r,z with respect to g 
and extended complex linearly to Tx,r,z ^ C 

Lemma and Definition 1.18 ( The (l,l)-form oj). The hermitian metric defines 

a real exterior 2— form uo := — i/m [h) of type (1, 1) on Tx^w.z , satisfying: 
Lo{Ju, v) = — w('u, Jv) and co{Ju, Jv) = ijj{u, v); moreover: 2w(w, Jv) = g{u, v) and 

a; = ^ hij {z)dzi A dzj if hz = hij {z)dzi (8> dzj 

Proof. We have an exterior 2-form since 2uj{v,u) — ~Imh{v,u) = Imh{u,v) = 
—2uj{u,v). We check: 2uj{u,Jv) = —Imh{u,iv) = —Im{—ih{u,v)) = Re {h{u,v) = 
g{u,v), and 2ui{Ju,v) = —Imh{iu,v) = —Im(ih{u,v)) = —Reh{u,v) = —g{u,v), 
while Im h= f^ij{^){dzi <?> t% - dz] (8> dzi) = -i J^ij hij{z)dzi A d:zj □ 

Example 1.19. 1) The Hermitian metric on C" is defined by h := dzi dzi: 

n 

h{z, = ^ ZiWi 

where z = (zi,...,z„) and w = (uii, . . . , Considering the underlying real 

structure on C" ~ M^" defined by {z^ = Xk+iyk) {xk,yk), Re h is the Euclidean 
inner product on M^" and Imh is a non-degenerate alternating bilinear form, i.e., 

a symplectic form: = § X]r=i '^^i ^ ^ T^7=i ^ '^y*- 

Explicitly, on C^, the standard Hermitian form is expressed on as: 

21,2), (-22,1, 22,2)) =2:1,1X2,1 + 2:1,2X2,2 + 2/1,12/2,1 + 2/1,22/2,2 

+ i{x2,iyi,i - a;i, 12/2,1 + 2:2,22/1,2 - 2:1,22/2,2)- 
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2) If A C C" is a full lattice, then the above metric induces a Hermitian metric on 
the torus C"/A. 

3) The Fubini -Study metric on the projective space P". Let tt : C"+^ — {0} P" be 
the projection and consider a section of tt on an open subset Z -.U ^ C""*"^ — {0}, 
then the form uj = j^ddlogWZW^ is a fundamental (1,1) form, globally defined 
on P", since the forms glue together on the intersection of two open subsets (this 
formula is related to the construction of the first Chern class of the canonical 
line bundle on the projective space, in particular the coefficient ^ leads later to 
a positive definite form, while tt leads to an integral cohomology class). For the 
section Z = (1, wi, . . . , Wn), 

i (1 + X^iLi '^'^i ^ ^ Y17,j=iWjWtdw, A dwj 
2^ (l + |u.|2)2 ' 

which reduces at the point O — {1,0, . . . ,0), to ui — X^iLi '^^i ^ > Oi hence a 
positive real form , i.e., it takes real values on real tangent vectors, and is associated 
to a positive Hermitian form. Since lo is invariant under the transitive holomorphic 
action of SU{n + 1) on P", we deduce that the hermitian form 

n 

h = ( hi^j{w)dwi ® dwi){l + |wp)~^, Trhi,j{w) = (1 + |wp)(5,;j — wjwi 

is a positive definite Hermitian form. Hence the projective space has a Hermitian 
metric. 

1.4. Harmonic forms on compact complex manifolds. In this section, a study 
of the d operator, similar to the previous study of d, leads to the representation of 
Dolbeault cohomology by 9-harmonic forms (Hodge theorem). 

1.4.1. L^-inner product. We choose a Hermitian metric h with associated (1,1)- 
forni LO and volume form vol = ■^^r'^"- We extend the L^-vcmei product {tp,i])]^2 
( resp. the Hodge star * operator) defined on the real forms by the underlying 
Riemannian metric, first linearly into a complex bilinear form < il),rj > 1^2 on £^ := 
£x B '25 C ( resp. * : £^ ^ Cg) C 'S'^'r^ ® C). However, it is more appropriate to 
introduce the conjugate operator: 

and then we consider the Hermitian product : [tp , ri) 1^2 :=< t}} ,Ti > 1^2 , hence: 

{^,ti)l2^ f ^A*v, V',^ef^(^), and(V',?7)L^ =Oifi^e£:P(X),77ef«(X),p^g. 

This definition enables us to obtain a Hermitian metric on the complex vector 
space of global forms £*{X) on X, out of the real metric since we have v A *v = 
* (1) where *(1) = vol,v = 'Yli\i\=p''^i^i ^'^^ ordered multi-indices / = 
ii < . . . < ip of an orthonormal basis , hence the integral vanish iff all vi 
vanish everywhere ([41] p. 174). With respect to such Hermitian metric, the adjoint 
operator to d is defined: 

d* : £^'^ -J- 9* = - * o9o * : (9*V,?7)l2 = (1/', ^77)^2. 

Then, wc introduce the i9-Laplacian: 



MIXED HODGE STRUCTURES 



13 



Definition 1.20. The 9-Laplacian is defined as: 

Harmonic forms of type (p, q) are defined as tlie solutions of tlie i9-Laplacian 
n^'iX) = {V e f^^'(X) ® C : Ag(^) = 0}. 

A basic result, which proof involves deep analysis in Elliptic operator theory and 
it is well documented in various books, for instance ([41] chap. IV, sec. 4) or [18], 
p. 82 - 84, is stated here without proof: 

Theorem 1.21 (Hodge theorem). On a compact complex Hermitian manifold each 
d-cohomology class of type {p, q) is represented by a unique d-harmonic global com- 
plex differential form of type {p,q): 

moreover the space of d-harmonic forms is finite dimensional, hence the space of 
d-cohomology also. 

Corollary 1.22. For a compact complex Hermitian manifold: 

In general there is a spectral sequence relating Dolbeault and de Rham coho- 
mology groups 14 and 9 . It will follow from Hodge theory that this spectral 
sequence degenerates at rank 1. 

1.5. Kahler manifolds. The exterior product of harmonic forms is not in general 
harmonic neither the restriction of harmonic forms to a submanifold is harmonic 
for the induced metric. In general, the 9-Laplacian Ag and the Laplacian are 
not related. The theory becomes natural when we add the Kahler condition on the 
metric, when the fundamental form is closed with respect to the differential d; we 
refer then to ([H], ch. V, section 4) to establish the relation between A^ and A^ 
and for full proofs in general, most importantly the type components of harmonic 
forms become harmonic. The proofs in Hodge theory involve the theory of elliptic 
differential operators on a manifold and will not be given here as we aim just to 
give the statements. 

Definition 1.23. The Hermitian metric is Kahler if its associated (1, l)-form lu is 
closed: duj = 0. In this case, the manifold X is called a Kahler manifold. 

Example 1.24. 1) A Hermitian metric on a compact Riemann surface (of complex 
dimension 1) is Kahler since duj of degree 3 must vanish. 

2) The Hermitian metric on a compact complex torus is Kahler. However, in gen- 
eral a complex tori is not a projective variety. Indeed, by the projective embedding 
theorem of Kodaira (see [37| Theorem 7.11 p. 164), the cohomology must be polar- 
ized, or the Kahler form is integral in order to get an algebraic torus, called also 
an abelian variety since it is a commutative group. This will be the case for r — 1, 
indeed a complex tori of dimension 1 can be always embedded as a cubic curve in 
the projective plane via Weierstrass function and its derivative. 

3) The projective space with the Fubini-Study metric is Kahler. 

4) The restriction of a Kahler metric on a submanifold is Kahler with associated 
(1, l)-form induced by the associated (1, l)-form on the ambient manifold. 

5) The product of two Kahler manifolds is Kahler. 
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6) On the opposite, a Hopf surface is an example of a compact complex smooth 
surface which is not Kahler. Indeed such surface is the orbit space of the action 
of a group isomorphic to Z on — {0} and generated by the automorphism: 
(zi,Z2) — ^ {^izi, X2Z2) where Ai, A2 are complex of module < 1 (or > 1). 

For example, consider ^ {z = (zi, Z2) G : jzij^ + |z2p = 1} and consider 

/ : ^3 X M ^ - {0} : .f{zi,Z2,t) = (e*zi, e*Z2) 

then the action of Z on K defined for to G Z by i — s- 1 + m is transformed into the 
action by (A™, A™) = (e™, e'"). We deduce that the action has no fixed point and 
the quotient surface is homeomorhic to x S^, hence compact. Its fundamental 
group is isomorphic to Z as the surface is a quotient of a simply connected surface 
and its cohomology in degree 1 is also isomorphic to Z, while the cohomology of a 
Kahler variety in odd degree must have an even dimension as a consequence of the 
conjugation property in the Hodge decomposition. 

On Kahler manifolds, the following key relation between Laplacians is just stated 
here (see [41] for a proof, or [18 p. 115): 

Lemma 1.25. 

We denote by 'H^''^{X) the space of harmonic forms of type {p,q), that is the 
global sections cp G £^'^{X) such that Ad(}p) — 0, which is equivalent to Ag(^ = 
as a consequence of the lemma. 

Let ip := J2p+q=t 'P^''^ G (Bp+q=t£^''^{X) be harmonic, 

Ad<p = 2 ^ {AgifP^") = e ©p+,=,£P^9(X) ^ Vp, q, 2Aa(pP'« = Ad(pP'« = 

p+q=r 

since Ag is compatible with type. Hence, we deduce: 

Corollary 1.26. i) The 9-harmonic forms of type {p, q) coincide with the harmonic 
forms of same type: U^^X) = W ^^iX). 

ii) The projection on the (p, q) component of an harmonic form is harmonic and we 
have a natural decomposition: 

'W'iX) ®C = ®p+q=rW^''{X), W^'^iX) = mHx). 

Since A^ is real, we deduce the conjugation property. 

1.5.1. Hodge decomposition. Let HP''^{X) denotes the Dolbeault groups represented 
by 9— closed {p,q)— forms. In general, such forms need not to be d— closed, and 
reciprocally the {p, q) components of a d— closed form are not necessarily 9— closed 
nor d— closed, however this cannot happens on compact Kahler manifolds. 

Theorem 1.27. Let X be a compact Kahler manifold. There is an isomorphism 
of cohomology classes of type [p, q) with harmonic forms of the same type 

HP'^{X)^W''{X). 

Indeed, let = vs'''" + • • ■ + (^°''', then A-^ip = A^^'^^o + • ■ • + A-r^tp^-'' = is 
equivalent to Adf^'"^ — for each p + q — r, since A^ = 2Ag. 
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1.5.2. Applications to Hodge theory. Wc remark first the isomorphisms: 

which shows in particular for (7 = that the space of global holomorphic p-forms 
injects into H^dr{X) with image iff'O(X). 

- Global holomorphic p-forms are closed and harmonic for any Kahler metric. They 
vanish if and only if they are exact. 

- There are no non-zero global holomorphic forms on P", besides locally constant 
functions, and more generally: 



0, lip ^ q 
C iip = q 



Remark 1.28. i) The holomorphic form zdw on is not closed, 
ii) The spaces H^''^ in are isomorphic to the holomorphic invariant H''{X, fl^), 

but the behavior relative to the fiber of a proper holomorphic family X — )■ T 
for t € T IS different for each space: H'^{Xi,nP) is holomorphic in t, de Rham 
cohomology H^^{Xt) is locally constant but the embedding of HP''^{Xt) into de 
Rham cohomology H^^(Xt) is not holomorphic. 

Exercise 1.29. Let X be a compact Kahler manifold and w :— —Imh its real 
2-form of type (1, 1) {uj G S]l^ n £j^). The volume form vol e defined by g 

on X, can be defined by uj and is equal to -^oj"- 

Indeed, if we consider an orthonormal complex basis ei, . . . , e„ of the tangent space 
T'x,R,x , then ei, /ei, . . . , e„, /e„ is a real oriented orthonormal basis for g and we 
need to prove ^u;"(ei A lei A ■ • • A /e„) = 1. 

Let ipi,i G [l,n] denote a local basis of the complex cotangent bundle T*^^'°\ 
unitary for the Hermitian metric, then it is orthogonal and \\ipj\\^ = 2 with respect 
to the Riemannian metric (for example on C", the complex unitary basis dzj is 
written as dxj + idyj with dxj and dyj elements of an orthonormal basis for the 
Riemannian structure). We deduce from the decomposition ipj = tp'j + i'tjj"j into 
real components, the following formula of the volume: 



u;=-^ipjA Tp., t;oZ = — = A Vi A • ■ • A < A <. 



since ^pj A (pj = (f A tpj. In particular, never vanish. 

Lemma 1.30. For a compact Kahler manifold X: 

FP'P (X, C) 7^ /or < p < dim X. 

In fact, the integral of the volume form w" > 0. It follows that the cohomology 
class w" 9^ G H^"-{X, C), hence the cohomology class ojP ^ £ HP'P{X, C) since 
its cup product with oj'^~p is not zero. 

1.6. Cohomology class of a subvariety and Hodge conjecture. To state 

the Hodge conjecture, we construct the class in de Rham cohomology of a closed 

complex algebraic subvariety (resp. complex analytic subspace) of codimension p 
in a smooth complex projective variety (resp. compact Kahler manifold); it is of 
Hodge type {p,p). 
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Lemma 1.31. Let X be a complex manifold and Z a compact complex subanalytic 
space of dim m in X . The integral of the restriction of a form uj on X to the smooth 
open subset of Z is convergent and defines a linear function on forms of degree 2m. 
It induces a linear map on cohomology 

: i/2™(x,C) C, H^/ 

Moreover, if X is compact Kdhler, cl{Z) vanish on all components of the Hodge 
decomposition which are distinct from 

If Z is compact and smooth, the integral is weh defined, because, by Stokes 
theorem, it uj — drj, the integral vanish since it is equal to the integral of rj on the 
boundary 9Z = of Z. 

If Z is not smooth, the easiest proof is to use a desingularisation (see [26]) 
-K : Z' ^ Z inducing an isomorphism Z'^^^^^j^ ~ Zsmooth which implies an equality 
of the integrals of ■K*{ijj\z) and lu\z^ which is independent of the choice of Z' . The 
restriction of uj of degree 2m vanish unless it is of type m, m since Zsmooth is an 
analytic manifold of dimension m. 

1.6.1. Poincare duality. On compact oriented differentiable manifolds, we use the 
wedge product of differential forms to define the cup-product on de Rham coho- 
mology and integration to define the trace, so that we can state Poincare duality 

m- 

Cup-product. For a manifold X, the cup product is a natural bilinear operation on 
de Rham cohomology 

H' {X, C) ® W {X, C) ^ H'+^ (X, C) 

defined by the wedge product on the level of differential forms. 

It is a topological product defined on cohomology with coefficients in Z, but its 
definition on cohomology groups with integer coefficients is less straightforward. 

The Trace map. On a compact oriented manifold X of dimension n, the integral 
over X of a differential lj of highest degree n depends only on its class modulo 
boundary by Stokes theorem, hence it defines a map called the trace: 

Tr : H'^{X,C) ^ C [uj]^ [ u. 

J X 

The following theorem is stated without proof: 

Theorem 1.32 (Poincare duality ). Let X be a compact oriented manifold of 
dimension n. The cup-product and the trace map: 

W{X,C)(g) H''-^{X,C) ^ i?"(X,C) ^ C 
define an isomorphism: 

W{X,C) ^ Hom{H''-^X,C),C)■ 
l^ the compact complex analytic space Z is of codiniension p in the smooth 
compact complex manifold X its class cl{Z) G i7^"~^''(X, C)* corresponds, by 
Poincare duality on X, to a fundamental cohomology class [qz] G H'^p{X, C). Then 
we have by definition: 
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Lemma and Definition 1.33. For a complex compact manifold X , the funda- 
mental cohomology class [rjz] G HP'P{X,C) of a closed complex submanifold Z of 
codimension p satisfies the following relation: 

f VAVz= f ^\z, e £"~P^"~P{X). 
J X J z 

Lemma 1.34. For a compact Kdhler manifold X , the cohomology class of a com- 
pact complex analytic closed submanifold Z of codim p is a non-zero element [rjz] 7^ 
e H'P'P{X, C), forO<p< dim X. 

Proof. For a compact Kahler manifold X, let cj be a Kahler form, then the integral 
on Z of the restriction uj^z is positive since it is a Kahler form on Z, hence [r]z] ^ 0: 

/ {A"-Puj)At]z^ I h''-P{u:\z)>Q- 
Jx J z 

□ 

1.6.2. Topological construction. The dual vector space Homc{H^"^{X, C), C) is nat- 
urally isomorphic to the homology vector space which suggests that the fundamental 
class is defined naturally in homology. Indeed, Hodge conjecture has gained so much 
attention that it is of fundamental importance to discover what conditions can be 
made on classes of algebraic subvarieties, including the definition of the classes in 
cohomology with coefficients in Z. 

The theory of homology and cohomology traces its origin to the work of Poincare 
in the late nineteenth century. There are actually many different theories, for 
example, simplicial and singular. In 1931, Georges de Rham proved a conjecture of 
Poincare on a relationship between cycles and differential forms that establishes for 
a compact orientable manifold an isomorphism between singular cohomology with 
real coefficients and what is known now as de Rham cohomology. In fact the direct 
homological construction of the class of Z is natural and well known. 

Homological class. The idea that homology should represent the classes of topo- 
logical subspaces has been probably at the origin of homology theory, although 
the effective construction of homology groups is different and more elaborate. The 
simplest way to construct Homology groups is to use singular simplices. But the 
definition of homology groups Hj{X, Z) of a triangulated space is quite natural. In- 
deed, the sum of oriented triangles of highest dimensions of an oriented triangulated 
topological space X of real dimension n, defines an homology class [X] G Hn{X, Z) 
([IH], Ch 0, paragraph 4). 

We take as granted here that a closed subvariety Z of dimension m in a compact 
complex algebraic variety X can be triangulated such that the sum of its oriented 
triangles of highest dimensions defines its class in the homology group i?2m {X, Z) . 

1.6.3. Cap product. Cohomology groups of a topological space H^{X, Z) are dually 
defined , and there exists a topological operation on homology and cohomology, 
called the cap product: 

^: H'^iX, Z) ® Hp{X, Z) ^ Hp^g{X, Z) 

We can state now a duality theorem of Poincare, frequently used in geometry. 
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Theorem 1.35 (Poincare duality isomorphism). Let X be a compact oriented 
topological manifold of dimension n. The cap product with the fundamental class 
[X] € Hn{X, Z) defines an isomorphism, for all j , < j < n: 

Dx : H^X.Z) Hn-,iX,Z) 

The homology class it[Z] of a compact complex analytic subspace i : Z ^ 
X of codimension p in the smooth compact complex manifold X of dimension n 
corresponds by the inverse of Poincare duality isomorphism Dx , to a fundamental 
cohomology class: 

Lemma 1.36. The canonical morphism H2n-2p{X ,2) C)* carry 

the topological class [Z] of an analytic subspace Z of codimension p in X into the 
fundamental class cl{Z). 

Respectively, the morphism H'^p(X,1j) — > H'^p{X,C) carry the topological class 
[VZ^P to [r,z]. 

1.6.4. Intersection product in topology and geometry. On a triangulated space, cy- 
cles are defined as a sum of triangles with boundary zero, and homology is defined 
by classes of cycles modulo boundaries. It is always possible to represent two ho- 
mology classes of degree p and q by two cycles of codim. p and q in 'transversal 
position' , so that their intersection is defined as a cycle of codim.p -I- q. Moreover, 
for two representations by transversal cycles, the intersections cycles are homolo- 
gous [16], ([12] 2.8). Then a theory of intersection product on homology can be 
deduced: 

Hn-p{X,Z)(g)Hn-g{X,Z) ^ Hr,-p-g{X,Z) 

In geometry, two closed submanifolds Vi and V2 of a compact oriented manifold M 
can be deformed into a transversal position so that their intersection can be defined 
as a submanifold W with a sign depending on the orientation ([23], ch 2), then W 
is defined up to a deformation such that the homology classes satisfy the relation 
[Vi] n [V2] = ±[W]. The deformation class of W with sign is called Vi D V2. 

Poincare duality in Homology (|18). p 53) . 
The intersection pairing: 

Hj{X, Z) ® Hn-j{X, Z) A Ho{X, Z) ifsiff^ z 
for < J < n is unimodular: the induced morphism 

Hj{X, Z) Hom{H.n-j{X, Z), Z) 
is surjective and its kernel is the torsion subgroup of Hj{X,Z). 

1.6.5. Relation between Intersection and cup products. The cup product previously 
defined in de Rham cohomology is a topological product defined with coefficients 
in Z, but its definition on cohomology groups is less straightforward. The trace 
map can also be defined with coefficients in Z, and we also have the corresponding 
duality statement, 

Poincare duality in cohomology. 
The cup-product and the trace map: 

H^X, Z) ® H''-^{X, Z) ^ H'\X, Z)^Z 
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define a unimodular pairing inducing an isomorphism: 

W{X,Q) ^ i?om(iJ"-J' (X,Q),Q) 
compatible with the pairing in de Rham cohomology. 

Poincare duality isomorphism transforms the intersection pairing into the cup prod- 
uct: 

The foUowing resuU is proved in [TF (p. 59) in the case k' = n ~ k: 

Let (T be a fc— cycle on an oriented manifold X of real dimension n and r an fc'— cycle 

on X with Poincare duals rj^ e H'^^^{X) and -qr £ H^^^' {X), then: 

1.6.6. The Hodge type (p,p) of the fundamental class of analytic compact sub- 
manifold of codimension p is an analytic condition. The search for properties char- 
acterizing classes of cycles has been motivated by a question of Hodge. 

Definition 1.37. Let A = Z or Q, p e N and let ip : H^p{X,A) H^p{X,C) 
denotes the canonical map. The group of cycles 

HP'P{X,A) := {x e H^P{X,A) : ip{x) £ HP^p{X,C)} 

is called the group of Hodge classes of type {p,p). 

Definition 1.38. An r— cycle of an algebraic variety X is a formal finite linear 
combination X]iG[i h] ^i^i of closed irreducible subvarieties Zi of dimension r with 
integer coefficients m^. The group of r— cycles is denoted by Zr{X). 

For a compact complex algebraic manifold, the class of closed irreducible subva- 
rieties of codimension p extends into a linear morphism: 

cIa: Zp{X) (g) HP-P{X,A) : ^ m,Z, ^ ^ m,?7z^,Vm, £ A 

ie[l,h] ie[l,h] 

The elements of the image of clq are called rational algebraic Hodge classes of type 
{P,P)- 

1.6.7. Hodge conjecture. Is the map clq surjective when X is a projective manifold? 
In other terms, is any rational Hodge class algebraic? 

The question is to construct a cycle of codimension p out of a rational cohomol- 
ogy element of type (p, p) knowing that cohomology is constructed via topological 
technique. 

Originally, the Hodge conjecture was stated with Z-coefficients, but there are 
torsion elements which cannot be represented by algebraic cycles. There exists 
compact Kahler complex manifolds not containing enough analytic subspaces to 
represent all Hodge cycles [55] , 

Remark 1.39 (Absolute Hodge cycle). In fact Deligne added another property for 
algebraic cycles by introducing the notion of absolute Hodge cycle (see |8]). An 
algebraic cycle Z is necessarily defined over a field extension K of finite type over 
Q. Then its cohomology class in the de Rham cohomology of X over the field K 
defines, for each embedding a : K —i' C, a. cohomology class [Zjo- of type {p,p) in 
the cohomology of the complex manifold X^" . 
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Remark 1.40 (Grothendieck fundamental class). For an algebraic subvariety Z of 
codimension p in a variety X of dimension n, the fundamental class can be defined 
as an element of the group ExtP{Oz, (see [5^, [23]). Let U be an afhne subset 
and suppose that Z nU is defined as a complete intersection by p regular functions 
fi, if we use the Koszul resolution of Oznu defined by the elements fi to compute 
the extension groups, then the cohomology class is defined by a symbol: 
dh/\---Adf, 1 g^^iP(0^^^^^P)_ 
Ji ' ' ' Jp J 

This symbol is independent of the choice of generators of O^nc/i and it is the 
restriction of a unique class defined over Z which defines the cohomology class 
of Z in the dc Rham cohomology group (X,Q.\) with support in Z (10). 
The extension groups and cohomology groups with support in closed algebraic 
subvarieties form the basic idea to construct the dualizing complex K'^ of X as 
part of Grothendieck duality theory (see [H])- 

2. LeFSCHETZ decomposition AND POLARIZED HODGE STRUCTURE 

In this chapter, we give more specific results for smooth complex projective va- 
rieties, namely the Lefschetz decomposition and primitive cohomology subspaces, 
Riemann bilinear relations and their abstract formulation into polarization of Hodge 
Structures. We start with the statement of the results. Proofs and complements 
follow. 

2.1. Lefschetz decomposition and primitive cohomology. Let {X^uj) be a 
compact Kahler manifold of class [uj] G i?^(X, M) of Hodge type (1,1). The cup- 
product with [w] defines morphisms: 

L : m{X,R) -> iJ«+2(X,E), L : m{X,C) iJ«+2(X,C) 

Referring to de Rham cohomology, the action of L is represented on the level of 
forms as if t-^ ipAu. Since uj is closed, the image of a closed form (resp. a boundary) 
is closed (resp. a boundary). Let n = dimX. 

Definition 2.1. The primitive cohomology subspaces are defined as: 

Hp~ln{^) ■■= Ker{V+^ : i7"-'(X,R) ^ i7"+'+2(X M)) 

and similarly for complex coefficients i?p,7,*i(C) ~ H'^^,i^{m) C. 

The operator L is compatible with Hodge decomposition since it sends the sub- 
space HP''^ to iJP+i-'J+i. We shall say that the morphism L is of Hodge type (1, 1); 
hence the action : iJ"-*(X, C) iJ"+*+2(X, C) is a morphism of Hodge type 
(i + 1 , i + 1 ) , and the kernel is endowed with an induced Hodge decomposition. This 
is a strong condition on the primitive subspace, since if we let: 



ffp^;L:=<^nF^'«(x,c), 

then: 

-^prim(^J ~ ®P+q=i-^prim- 

The following isomorphism, referred to as Hard Lefschetz Theorem, puts a strong 
condition on the cohomology of projective, and more generally compact Kahler, 
manifolds and gives rise to a decomposition of the cohomology in terms of primitive 
subspaces: 
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Theorem 2.2. Let X be a compact Kdhler manifold. 

i) Hard Lefschetz Theorem. The iterated linear operator L induces isomorphisms 
for each i: 

a) Lefschetz Decomposition. The cohomology decomposes into a direct sum of 
image of primitive subspaces by L'', r > 0; 

The Lefschetz decomposition is compatible with Hodge decomposition. 
Hi) If X is moreover projective, then the action of L is defined with rational coeffi- 
cients and the decomposition applies to rational cohomology. 

2.1.1. Hermitian product on cohomology. Prom the isomorphism in the Hard Lef- 
schetz theorem and Poincare duahty, we deduce a scalar product on cohomology of 
smooth complex projective varieties compatible with Hodge Structures and satis- 
fying relations known as Hodge Riemann relations leading to a polarization of the 
primitive cohomology which is an additional highly rich structure characteristic of 
such varieties. 

Representing cohomology classes by differential forms, we define a bilinear form: 

Q(a,/3) = (-1)^^ / aA/3Aw"-^ W[a],[p] £ H\X,C) 
Jx 

where uj is the Kiihler class, the product of a with uj"~^ represents the action of 
L"^^ and the integral of the product with represents Poincare duality. 

Properties of the product. The above product Q(a, /?) depends only on the class 
of a and 13. The following properties are satisfied: 

i) the product Q is real ( it takes real values on real forms) since lu is real, in other 
terms the matrix of Q is real, skew-symmetric if j is odd and symmetric if j is even; 

ii) It is non degenerate, by Lefschetz isomorphism and Poincare duality; 

iii) By consideration of type, the Hodge and Lefschetz decompositions are orthog- 
onal relative to Q: 

CUHP^^HP'^"' ) = 0, unless p = p',q = q'. 

On projective varieties the Kahler class is in the integral lattice defined by cohomol- 
ogy with coefficients in Z, hence the product is defined on rational cohomology and 
preserves the integral lattice. In this case we have more precise positivity relations 
in terms of the primitive component H^rimi^) of the cohomology Hp~^'i{X,C). 

Proposition 2.3 (Hodge-Ricmann bilinear relations). The product iP~'^Q{a,a) is 
positive definite on the primitive component Hprlm- 

i^-'iQia, a) > 0, Va e H^;!l^, a ^ 

2.1.2. Summary of the proof of Lefschetz decomposition. 

1) First, we consider the action of L on sheaves. L = Alo : £^ — ;> S'x^'^, then we 
introduce its formal adjoint operator with respect to the Hermitian form: A = L* : 
^i"^ which can be defined, using the Hodge star operator, byA = * ^oLo*. 
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Note that the operator: 

2n 

h = ^{n-p)IF, h(^cjp) = ^{n-p)ojp, for cjp G f^, 

p— p p 

where 11^ is the projection in degree p on ©pg[o,2n]^x ^^^"^ " ^ dimX, satisfies the 
relation: 

[A, L] = h. 

from which we can deduce the injectivity of the morphism: 

L' : 

For this we use the following formula, for a G E^'- 

[L^ A](a) = (r(fc ~ n) + r(r - l))L'-\a), 
which is proved by induction on r. 

The morphism U commutes with the Laplacian and, since cohomology classes 
can be represented by global harmonic sections, induces an isomorphism on 
cohomology vector spaces which are of finite equal dimension by Poincare duality: 

Moreover the extension of the operator L to complex coefficients is compatible with 
the bigrading (p, q) since ui is of type (1,1). The decomposition of the cohomology 
into direct sum of image of primitive subspaces by L'", r > follows from the 
previous isomorphisms. 

2) Another proof is based on the representation theory of the Lie algebra sh- We 
represent L by the action on global sections of the operator: 

and its adjoint A = L* : £p^i{X) 8'p-^^''-'^{X) is defined by A = o L o *. We 
have the relations: 



[K,L] = h, [h,L] = -2L, [h,A] = 2A 

Hence, the operators L, A, h generate a Lie algebra isomorphic to sl2- We deduce 
from the action of the operators L, A, h on the space of harmonic forms QH'^lX) ~ 
Q)H*{X), a representation of the Lie algebra SI2 by identifying the matrices: 

(0 ) ' ( ? ) ' ( -1 ) '^"'P- ^' ^- 

Then the theorem follows from the general structure of such representation (see 
[ig p. 122-124). 

2.1.3. Proof of Hodge-Riemann bilinear relations. We recall the notion of a prim- 
itive form. A differential form a G a; rj ^ ^ n is said to be primitive if 
l/i-k+i^ — Q. t]^gu every form (3 G k r decomposes in a unique way into a 
direct sum /3 = Pr where each /3r is primitive of degree k — 2r with the condi- 

tion k — 2r <inf(fc, 2n — k). Moreover, the decomposition applies to the complexified 
forms and it is compatible with bidegrees (p, q) of forms. 

The following lemma is admitted and is useful in the proof (^37^ prop. 6. 29) 
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Lemma 2.4. Let 7 e ^'x'x '~- x primitive element, then 

It is applied to S in the definition of the product Q as follows. We represent a 
primitive cohomolgy class by a primitive harmonic form a of degree j = p + q, then 
we write the product in terms of the L^— norm, as follows 

F{a,a) ^ iP~'^Q{a,a) = {n - jy. / a A *a = (n - j)!||(5|||2 

Indeed, since (— = (— 1)'^^?''^?' = i^^' we deduce from the lemma 

L^-ia = ii-P{n - jy.i-l)"^ {*a). 

This result suggest to introduce the Weil operator C on cohomology: 

C{a) = iP-ia, Va € iJP'^ 

Notice that C is a real operator since for a real vector v ~ J2p+q=j vP'"^, v'^'P — vP'I, 

hence Cv = YJF^^^ = X)*^ ''"''^ = i'^-Py'^-P, as I''"'' = i-J-P. It depends on 
the decomposition, in particular the action of C in a variation of Hodge structure 
is differentiable in the parameter space. We deduce from Q a new non degenerate 
Hermitian product: 

F(a,/3) -Q(C(a),^), F(/3, a) = F(^ V[a], £ C) 

We use Q{a, /?) — Q{a, (3) since Q is real, to check for a, /3 € HP^'^: 

F(a,/3) = Q(iP-«a,^) = ?'"'Q(a,/3) = (-lpzP-«Q(a, /3) = {-lfHP-iQ{p,a) = 

F(/3,a). 

Remark 2.5. i) When the class [w] G H^{X,1) is integral, which is the case for 
algebraic varieties, the product Q is integral, i.e., with integral value on integral 
classes. 

ii) The integral bilinear form Q extends by linearity to the complex space iJ| ® C. 
Its associated form F(q;,/3) := Q{a,l3) is not Hermitian if k is odd. One way to 
overcome this sign problem is to define F as F(a,/3) := i'^Q{a,(3), still this form 
will not be positive definite in general. 

2.1.4. Projective case. In the special projective case we can choose the fundamental 
class of an hyperplane section to represent the Kahler class [w], hence we have an 
integral representative of the class [ui] in the image of H'^{X, Z) H^{X, C), which 
has an important consequence since the operator L : H'^{X, Q) — >■ Q) acts 

on rational cohomology. This fact characterizes projective varieties among compact 
Kahler manifolds since a theorem of Kodaira ( [41] chap. VI) states that a Kahler 
variety with an integral class [uj] is projective, i.e., it can be embedded as a closed 
analytic subvariety in a projective space, hence by Chow Lemma it is necessarily 
an algebraic subvariety. 

Remark 2.6 (Topological interpretation). In the projective case, the class [lo] corre- 
sponds to the homology class of an hyperplane section [H] G H2n-2{X,Z), so that 
the operator L corresponds to the intersection with [H] in X and the result is an 
isomorphism: 

i?„+fc(X) i^™^i/„_fc(X) 



24 



FOUAD EL ZEIN AND LE DUNG TRANG 



The primitive cohomology H^^,-^{X) corresponds to the image of: 



In his original work, Lefschetz used the hyperplane section of a projective variety 
in homology to investigate the decomposition theorem proved later in the above 
analysis setting. 

Definition 2.7. The cohomology of a projective complex smooth variety with its 
Hodge decomposition and the above positive definite Hermitian product is called a 
polarized Hodge Structure. 

2.2. The category of Hodge Structures. It is rewarding to introduce the Hodge 
decomposition as a formal structure in linear algebra without any reference to its 
construction. 

Definition 2.8. A Hodge structure (HS) of weight n is defined by the data: 

i) A finitely generated abelian group Hz] 

ii) A decomposition by complex subspaces: 



The conjugation on He makes sense with respect to Hz. A subspace V C He '■= 
Hz ®z C satisfying V = V has a real structure, that is V = {V C\ H^) ®m. C. In 
particular H^^'p = {H^'^ D Hr) Or C. We may suppose that Hz is a free abelian 
group (the lattice), if we are interested only in its image in Hq := Hz ®z Q- 

With such an abstract definition we can perform linear algebra operations on 
a Hodge Structure and define morphisms. We remark that Poincare duality is 
compatible with the Hodge Structure defined by Hodge decomposition, after an 
adequate shift in the weight (see below). We deduce from the previous results the 
notion of polarization: 

Definition 2.9 (Polarization of HS). A Hodge structure {Hz, {He ^ ®p+q=nHP-'i)) 
of weight n is polarized if a non-degenerate scalar product Q is defined on Hz, 
alternating if n is odd and symmetric if n is even, such that the terms H^^'^ of the 
Hodge decomposition are orthogonal to each other relative to the Hermitian form 
F on He defined as F(a,/3) := iP~'^Q{a,P) for a,/3 G H^^'' and F{a,a) is positive 
definite on the component of type {p, q), i.e., it satisfies the Hodge- Riemann bilinear 
relations. 

2.2.1. Equivalent definition of HS. fsee l2.2.5l below) Let §{M.) denotes the subgroup: 



It is isomorphic to C* via the group homomorphism M{u, v) ^ z — u + iv. 

The interest in this isomorphism is to put the structure of a real algebraic group 

on C*; indeed the set of matrices M{u, v) is a real algebraic subgroup of GL{2, M). 

Definition 2.10. A rational Hodge Structure of weight m G Z, is defined by a 
Q— vector space H and a representation of real algebraic groups (p : §(R) GL{Hk) 
such that for t e M*, ip{t){v) = t"'v for all v € Hr. 



He := i/z ®z C = ©p+,=„i?P''? satisfying H''''^ = Hi^p. 
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2.2.2. The Hodge filtration. To study variations of Hodge Structure, Griffiths in- 
troduced an equivalent structure defined by the Hodge filtration which varies holo- 
morphically with parameters. 

Definition 2.11. Given a Hodge Structure (iIz,i?P'') of weight n, we define a 

decreasing filtration F by subspaces of He'- 

pPHc := e.>pff'''"-''. 
Then, the following decomposition is satisfied: 

He = PPHc © F"-P+ifrc. 
The Hodge decomposition may be recovered from the filtration by the formula: 



HP,q = pPHc n FiHc, ioip + q = n. 

Hence, we obtain an equivalent definition of Hodge Structures, which played an 
important role in the development of Hodge theory, since we will see in chapter 5 
that the Hodge filtration exists naturally on the cohomology of any complex proper 
smooth algebraic variety X and it is induced by the trivial filtration on the de Rham 
complex which may be defined algebraically. However, the Hodge decomposition 
itself is still deduced from the existence of a birational projective variety over X 
and the decomposition on the cohomology of this projective variety viewed as a 
Kahler manifold. 

2.2.3. Linear algebra operations on Hodge structures. The interest of the above ab- 
stract definition of Hodge Structures is to apply classical linear algebra operations. 

Definition 2.12. A morphism f : H = {Hz,HP'1) ^ H' = {H^,H'P'1) of Hodge 
Structures, is an homomorphism /: Hz — >■ H'z such that /c: He — >■ H'c is com- 
patible with the decompositions, i.e, for any p, q, fc induces a C-linear map from 
HP'i into H'P'i. 

Therefore Hodge Structures form a category whose objects are Hodge Structures 
and morphisms are morphisms of Hodge Structures that we have just defined. We 
have the following important result: 

Proposition 2.13. The Hodge Structures of same weight n form an abelian cate- 
gory. 

In particular, the decomposition on the kernel (resp. cokernel) of a morphism 
if : H ^ H' is induced by the decomposition of H (resp. H'). For a general sub- 
vector space V of H, the induced subspaces HP'T]V do not define a decomposition 
on V. If and H' are of distinct weights, / is necessarily 0. 

2.2.4. Tensor product and Horn. Let H and H' be two HS of weight n and n'. 

1) We define their Hodge Structure tensor product H ® H' of weight n + n' as 
follows: 

i) {H ® H')z = Hz(g,H^ 

ii) the bigrading of {H (g) H')c = He d) H!^ is the tensor product of the bigradings 
of He and H'^. {H ® H'Y^^ := (Bp+p'=a,q+g'=bHP'i H'p''1'. 
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Example 2.14. Tate Hodge structure Z(l) is a Hodge Structure of weight —2 
defined by: 

Hi = 2i7rZ C C, Hc = H-^'-^ 
It is purely bigraded of type (—1, —1) of rank 1. The to— tensor product Z(l) (g) 
■ ■ ■ <S> Z(l) of Z(l) is a Hodge Structure of weight — 2to denoted by Z(to): 

Hz = (2i7r)"Z c C, Hc = if-™--™ 

Let H ~ {Hz, (ijp+q=nHP-'^) he a Hodge Structure of weight n, its to— twist is a 
Hodge Structure of weight n — 2m denoted H{m) and defined by 

H{m)z := Hz ® (2i7r)™Z, H{my''' := irf+™'9+™ 

2) Similarly, A^H is a Hodge Structure of weight pn. 

3) We define a Hodge Structure on Hom{H, H') of weight n' — n as follows: 

i) Hom{H,H')z := Homz{Hz,H^) ; 

ii) the decomposition of Hom{H, H')c := Homz{Hz, H^) (g) C ~ Homc{Hc, H^) is 
given by Hom{H,HT'' := ©p,_p^,,,,_,^fci/omc(Ff 

In particular the dual H* to is a Hodge Structure of weight — n. 

Remark 2.15. The group of morphisms of Hodge Structures is called the internal 
morphism group of the category of Hodge Structures and denoted by Homns {H, H'); 
it is the sub-group of Homz{Hz, H^) of elements of type (0, 0) in the Hodge Struc- 
ture on Hom{H, H'). A homomorphism of type (r, r) is a morphism of the Hodge 
Structures: H -)• H'{-r). 

Poincare duality. If we consider the following trace map: 

H2"(X,C)^C(-n), c^^-^fco. 

(2z7r)" Jx 

then Poincare duality will be compatible with Hodge Structures: 

H''-'{X,C) ~ FoTO(i7"+XX,C),C(-n)). 

The Hodge Structure on homology is defined by duality: 

C), F) 2± Hom{{H\X, C), F), C) 

with C pure of weight 0, hence Hi (X, Z) is pure of weight —i. Then, Poincare duality 
becomes an isomorphism of Hodge Structures: C) ~ Hn-i{X, C)(— n). 

Gysin morphism. Let / : X ^ y be an algebraic morphism with dimX = n and 
dimF = TO, since /* : H^Y,Q) H%Y,Q) is compatible with Hodge Structures, 
its Poincare dual Gysin{f) : Hi{Y,Q) if^'+^f"*"") (y, Q)(m - n) is compatible 
with Hodge Structures after a shift by — 2(to — n) on the right term. 

2.2.5. Proof of the equivalence with the action of the group S. 

Lemma 2.16. Let (H^, F) be a real Hodge Structure of weight m, defined by the 
decomposition He = (Bp+q=mH^''^ , then the action of §(M) = C* on He, defined 
by: 

p+q—ra 

for V = 'Ylfp+q^m'^P'i' corresponds to a real representation (p : S(IR.) — ?■ GL{H^) 
satisfying ip{t){v) = t™v for t & W . 
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Wc prove that ip{z) = 'fi(z),z E C* , hence it is defined by a real matrix. We 
deduce from v = X]p+q=,„ ^ -//''^ that (tJ)q,p = S if^'^', then: 

In particular, for t gR, (p{t){v) = t"^v and ^p{i){v) = Ylip+q=m ^^~'^'"p,q Weil 
operator C on H. 

Reciprocally, a representation of the multiplicative commutative torus: 



splits into a direct sum of representations S(C) — > GL{HP''^) acting via v z^J'^v, 
moreover if the representation is real, then HP'I = H'^'P. The real group M* acts on 
by multiplication by t^^', so that the sum Qp+q^rnH^''^ defines a sub-Hodge 
Structure of weight m. 

Remark 2.17. i) The complex points of: 



are the matrices with complex coefficients u,v £ C with determinant + v'^ ^ 0. 

Let z = u + iv, z' = u - iv, then zz' = u'^ + v"^ ^ such that S{C) ^ C* x C* : 
(w, v) {z, z') is an isomorphism satisfying z' = if w, f € M; in particular 
K* M- C* X C* : t H^- {t,t). 

ii) We can write <C* ~ x R* as the product of the real points of the unitary 
subgroup C/(l) of S defined by zt-^ + = 1 and of the multiplicative subgroup 
G„(M) defined by t; = in S(M), and §(M) is the semi-product of and M*. Then 
the representation gives rise to a representation of R* called the scaling since it 
fixes the weight and of U{1) which fixes the decomposition into ff^'' and on which 
ip{z) acts as multiplication by zP~'^. 

2.3. Examples. Cohomology of projective spaces. The polarization is defined by 
the first Chern class of the canonical line bundle H = ci(Opn(l)), dual to the 
homology class of a hyperplane. 

Proposition 2.18. iI'(P",Z) = for i odd and iJ'(P",Z) = Z for i even with 
generator [iJ]', the cup product to the power i of the cohomology class of an 
hyperplane, hence: iJ^''(P",Z) = Z(— r) as Hodge Structure. 

2.3.1. Hodge Structures of dimension 2 and weight 1. Let H he & real vector space 
of dimension 2 endowed with a skew symmetric quadratic form, (ei, 62) a basis in 
which the matrix of Q is 



then Hodge decomposition He = H^'^ ® H^'^ is defined by the one dimensional 

subspacc with generator v of coordinates {vi, V2) € C^. While Q(v, v) = 0, the 
Hodge- Riemann positivity condition is written as iQ{v,v) = —i{viV2 — V1V2) > 0, 
hence V2 ^ 0, so we divide by V2 to get a unique representative of H^'^ by a vector 
of the form v = (r, 1) with Im(T) > . Hence the Poincare half plane { z G C : 
Imz > 0} is a classifying space for polarized Hodge Structures of dimension 2. This 
will apply to the cohomology H := H^{T,M.) of a complex torus of dim.l. Note 
that the torus is a projective variety. Indeed, a non degenerate lattice in C defines a 
Weirstrass function P{z) that defines with its derivative an embedding of the torus 
onto a smooth elliptic curve {'P{z),'P'{z)) : T P^. 



S(C) ^ GL{Hc) 
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2.3.2. Moduli space of Hodge structures of weight 1 (see jl7l ). The first cohomology 
group Hz of a smooth, compact algebraic curve C of genus g is of rank 2g. The 
cohomology with coefficients in C decomposes into the direct sum: 

He = H^ ° (B H°-^ 

of two conjugate subspaces of dimension g. We view here the differentiable struc- 
ture as fixed, on which the algebraic structure vary, hence the cohomology is a 
fixed vector space on which the decomposition vary. The problem here, is the clas- 
sification of the different Hodge Structures on the cohomology. Recall that iJ^ is 
endowed via the cup-product with a non degenerate alternating form: 

Q -.{aji) ^ J a A/3. 

The subspace H^'^ is an element of the Grassmann variety G{g, He) parametrizing 
complex vector subspaces of dimension g. 

The first Riemann bilinear relation states that Q{a,f3) — 0, Va,/? G i/^'", which 
translates into a set of algebraic equations satisfied by the point representing H^''^ 
in G{g,Hc), hence the family of such subspaces is parameterized by an algebraic 
subvariety denoted D C G{g, He)- Let Sp{Hc, Q) denotes the symplectic subgroup 
of complex linear automorphisms of H^ commuting with Q; it acts transitively on 
D (see [3]), hence such variety is smooth. 

The second positivity relation is an open condition, hence it defines an open 
subset D of elements representing in D. The subspace D is called the classifying 
space of polarized Hodge Structures of type 1 (the cohomology here is primitive, 
hence polarized). 

To describe D with coordinates, we choose a basis . . . ,bg, feg+i, . . . , 623} of 
He in which the matrix of Q is written as a matrix J below, then is represented 
by a choice of free g generators which may be written as a matrix M with g columns 
and 2g rows satisfying the condition: 

The positivity condition iQ{a,a) > 0,\/a ^ G translates into 
^ ■ *M2) • (^_]^^ • (fj^ - z(*MiM2 - 

is positive definite. We deduce in particular that the determinant det(Af2) 7^ and 
we may choose M2 = Ig, Mi = Z such that 

D~{ZyZ = Z,Im(Z) > 0}. 

that is the imaginary part of the matrix Z defines a positive definite form. Then 
D is called the generalized Siegel upper half-plane. If g = 1, then D is the upper 
half plane. Let Sp(i?c,Q) - Sp(5,C) = {X G GL(n, C) : *X ■ J = J ■ X}, then 
Sp{V,Q) := Sp(i/c, Q)nGL(7JR) acts transitively on D as follows: 



A B 
C D 



Z ={A- Z + B) ■ {C ■ z + Dy^. 
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It is a classical but not a trivial result that smooth compact curves are homeo- 
morphic as real surfaces to the "connected" sum of g tori with a natural basis of 
paths 7i, . . . , 7(,, 7g+i, . . . , 721,, whose classes generates the homology and such that 
the matrix of the Intersection product is J. 

The classes obtained by Poincare duality isomorphism 771 , ... , rj2g form a basis 
of He on which the matrix of the form Q defined by the product on cohomology is 
still J. Let [7j*] denotes the ordinary dual basis of cohomology. It is not difficult to 
check on the definitions that [7*] = —rji+g for z G [1,5] and ["t*j^g\ = rji for i G [g, 2g\, 
from which we deduce that the dual basis satisfy also the matrix J. Let be a set 
of differential forms defining a basis of i?^'", then the period matrix of the basis 
with respect to the basis [7^*] is defined by the coordinates on that basis given by 
the entries ujj for i e [l,2g],j e [l,^]. Hence such matrices represent elements 
in D. 

2.3.3. Hodge structures of weight 1 and abelian varieties. Given a Hodge Structure: 

the projection on H°'^ induces an isomorphism of real vector spaces: 

HwL^Hc^ H^'" © H"-^ H°'^ 



since H^^^ = H^''^ . Then wc deduce that Hz is a lattice in the complex space iJ"'^, 
and the quotient T := is a complex torus . When H-^ is identified with 

the image of cohomology spaces Im{H^(X, Z) — >■ H^{X, R)) of a complex manifold 
X, resp. H'^'^ with H^{X, O), the torus T will be identified with the Picard variety 
Pic''\X) parameterizing the holomorphic line bundles on X with first Chern class 
equal to zero as follows. We consider the exact sequence of sheaves defined by 

^ Z ^ Ox ^ 0*x ^ I 

where 1 is the neutral element of the sheaf of multiplicative groups O'^, and its 
associated long exact sequence of derived functors of the global sections functor: 

H^{X,Z) ^ H^{X,Ox) ^ H^{X,0*x) ^ H'^{X,Z) 

where the morphisms can be interpreted geometrically; when the space H^{X, Ox) 

is identified with isomorphisms classes of line bundles on X, the last morphism 
defines the Chern class of the line bundle. Hence the torus T is identified with the 
isomorphism classes £ with ci (£) = 0: 

^ ■= fmH\X% ^ ^'"'^^^ ■= ^^<H\X,0*x) ^ H^{X,Z)) 

It is possible to show that the Picard variety of a smooth projective variety is an 
abelian variety. (Define a Kiihler form with integral class on Pic'^{X)). 

2.3.4. Hodge structures of weight 2. 

{Hz, H^'° e H^'^ © H°'^; //0'2 = Ipfi, iji-i = WJ- Q) 

the intersection form Q is symmetric and F(a,/3) = Q{a,/3) is Hermitian. The 
decomposition is orthogonal for F with F positive definite on H^'^, negative definite 
on H^'° and H°'\ 
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Lemma 2.19. The HS is completely determined by the subspace H^'^ C He such 
that H^'^ is totally isotropic for Q and the associated Hermitian product H is 
negative definite on H^'^ . The signature of Q is (h^'^ ,2h'^'^ ). 

In the lemma H'^'^ is determined by conjugation and H^'^ = (iJ^^'^ H^'"^)^ . 

3. Mixed Hodge Structures (MHS) 

The theory of Mixed Hodge Structures (MHS) introduced by Dehgne in [6 is 
a generalization of Hodge Structures that can be defined on the cohomology of all 
algebraic varieties. 

Since we are essentially concerned by filtrations of vector spaces, it is not more 
difficult to describe this notion in the terminology of abelian categories. We start 
with a formal study of Mixed Hodge Structures. 

Let A = Z, Q or M, and define ^ ® Q as Q if A Z or Q and M if A = M. 
For an A-module Ha of finite type, we write Ha(^q for the {A (g) Q)-vector space 
(Ha) (S)a (A(^Q). It is a rational space ii A = Z oi Q and a real space if A = R. 

Definition 3.1 (Mixed Hodge structure (MHS)). An A-Mixcd Hodge Structure H 
consists of: 

1) an A-module of finite type Ha', 

2) a finite increasing filtration W of the A (g) Q-vector space Ha <E) Q called the 
weight filtration; 

3) a finite decreasing filtration F of the C-vector space He = Ha <E)a C, called the 
Hodge filtration, such that the systems: 

Gr^H = {Gr^iHAm), {Gr^Hc,F)) 
consist of A^ Q-Hodge Structure of weight n. 

The Mixed Hodge Structure is called real, if ^ = M, rational, if ^ = Q, and 
integral, \i A — We need to define clearly, how the filtrations are induced, for 
example: 

FPGr^Hc := {{FP n ® C) + W„_i (g> C)/W„_i ® C C (W„ ® C)/Wn-i (g> C. 

Morphism of MHS. A morphism f : H ^ H' oi Mixed Hodge Structures is a 
morphism / : Ha H'j^ whose extension to Hq (resp. He) is compatible with 
the filtration i.e., f{WjHA) C WjH'^ (resp. F, i.e., f{F^HA) C F^H'^), which 
implies that it is also compatible with F. 

These definitions allow us to speak of the category of Mixed Hodge Structures. 
The main result of this chapter is 

Theorem 3.2 (Dclignc). The category of Mixed Hodge Structures is abelian. 

The proof relies on the following: 

Canonical decomposition of the weight filtration. While there is an equivalence 
between the Hodge filtration and the Hodge decomposition, there is no such result 
for the weight filtration of a Mixed Hodge Structure. In the category of Mixed 
Hodge Structures, the short exact sequence Gr^_i Wn/Wn-2 Gr^ 
is a non-split extension of the two pure Hodge structures Gr^ and Gr^_^. To 
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construct the Hodge decomposition, we introduce for each pair of integers (p, q) , 
the subspaces oi H = He- 

jp,c, ^ ^pp n p^^^^) n(Wn Wp+q + n + n Wp+g-3 + ■■■) 

By construction they are related ioi p + q = n to the components H^''' of the Hodge 
decomposition: Gr^ H ~ ®n=p+gi?^''; 

Proposition 3.3. The projection Lp : Wp+q Gr^^H ~ ®p'+q'=p+qHP' in- 
duces an isomorphism 7^^' ^ RP''^. Moreover, 

W„ = ©p+,<„/P'^ FP = ®p>>pIP'^'^' 

Remark 3.4. i) For three decreasing opposed fihrations in an abehan category, 
Dehgne uses in the proof an inductive argument based on the formula for i > 

pP^ ®F^ o^GrZ^^H, p, + q^^n^i + l, 

to construct for i > a decreasing family {pi,qi) starting with (pq — p,qo — 
q) : p + q ^ n and deduces the existence of a subspace A^'' C Wm projecting 
isomorphically onto the subspace of type {p,q) of the Hodge Structure Gr^H. 
To simplify, we choose here, for W increasing, a sequence of the following type 
(poj Qo) = [p, l), and for i > 0, pi — p, qi — q — i + 1 which explains theasymme- 
try in the formula (see also i.31 Lemma-Definition 3.4), including the fact that for 
i^l,F^nWp+q-i CF^nWp+q. 

ii) In general 7^'' 7^ /'J-p, we have only /^'^ = Ii^p modulo Wp+q-2- 

iii) A morphism of Mixed Hodge Structures is necessarily compatible with the de- 
composition, which will be the main ingredient to prove the strictness with respect 
to W and F (see lSX^ . 

The proof of this proposition is given below. This proposition is used to prove 
Theorem [321 

The knowledge of the linear algebra underlying Mixed Hodge Structures is sup- 
posed to help the reader before the reader is confronted with their construction. 
The striking result to remember is that morphisms of Mixed Hodge Structures are 
strict (see I3.1.3P for both filtrations, the weight W and Hodge F. The complete 
proofs are purely algebraic [6]; the corresponding theory in an abelian category is 
developed for objects with opposite filtrations. 

3.1. Filtrations. Given a morphism in an additive category, the isomorphism be- 
tween the image and co-image is one of the conditions to define an abelian category. 
In the abelian category of vector spaces endowed with finite filtrations by subspaces, 
if we consider a morphism compatible with filtrations / : {H,F) {H',F') such 
that f{F^) C F ^ , the induced filtration on the image by F' does not coincide with 
the induced filtration by F on the co-image. In this case we say that the morphism 
is strict if they coincide (see I3.1.3|) . This kind of problem will occur for various 
repeated restrictions of filtrations and we need here to define with precision the 
properties of induced filtrations, since this is at the heart of the subject of Mixed 
Hodge Structures. 

On a sub-quotient of a filtered vector space and in general of an object of an 
abelian category, there are two ways to restrict the filtration (first on the sub-object, 
then on the quotient and the reciprocal way). On an object A with two filtrations 
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W and F, we can repeat the restriction for each filtration and we get different 
objects if we start with W then F or we inverse the order. 

We need to know precise relations between the induced filtrations in these var- 
ious ways, and to know the precise behavior of a linear morphism with respect to 
such filtrations. For example, we will indicate in section 5, three different ways to 
induce a filtration on the terms of a spectral sequence. A central result for Mixed 
Hodge Structures is to give conditions on the complex such that the three induced 
filtrations coincide. Hence, we recall here preliminaries on filtrations after Deligne. 

Let A denote an abelian category. 

Definition 3.5. A decreasing (resp. increasing) filtration F of an object A of A is 
a family of sub-objects of A, satisfying 

Vn, m, n<m=^ C F''{A) {resp. n < m Fn{A) C F„^{A)) 

The pair {A, F) of an object of A and a decreasing (resp. increasing) filtration will 
be called a filtered object. 

If F is a decreasing filtration (resp. W an increasing filtration), a shifted filtration 
F[n] by an integer n is defined as 

{F[n]nA) = F^+P{A) {W[n]UA) = W^„_p(A) 

Decreasing filtrations F are considered for a general study. Statements for in- 
creasing filtrations W are deduced by the change of indices Wn{A) = F~"'{A). 
A filtration is finite if there exist integers n and m such that F"{A) = A and 
F™(A) = 0. 

A morphism of filtered objects {A, F) — > {B, F) is a morphism A B satisfying 
f{F"{A)) C F"-{B) for all n G Z. Filtered objects (resp. of finite filtration) form an 
additive category with existence of kernel and cokernel of a morphism with natural 
induced filtrations as well image and coimage, however the image and co-image will 
not be necessarily filtered-isomorphic, which is the main obstruction to obtain an 
abelian category. 

To lift this obstruction, we are lead to define the notion of strictness for com- 
patible morphims (see 13 . 1 .31 below) . 

Definition 3.6. The graded object associated to {A,F) is defined as: 

Grp{A)^ ®„e^Gr],{A) where Gr^(A) = F"(A)/F"+i(A). 

3.1.1. Induced filtration. A filtered object {A, F) induces a filtration on a sub-object 
i: B ^ AofA, defined by F"{B) =BnF'^{A). Dually, the quotient filtration on 
A/B is defined by: 

F"{A/B) =p{F"{A)) ^ {B + F"{A))/B ~ F"" {A) / {B n F" {A)) , 

where p : A ^ A/B is the projection. 

3.1.2. The cohomology of a sequence of filtered morphisms: 

iA,F)^iB,F)^{C,F) 

satisfying g o / = is defined a.s H = Ker g/Im /; it is filtered and endowed with 
the quotient filtration of the induced filtration on Ker g. It is equal to the induced 
filtration on H by the quotient filtration on B/Imf, since H C {B/Im J). 
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3.1.3. Strictness. For filtered modules over a ring, a morphism of filtered objects 
/ : {A, F) — i> {B, F) is called strict if the relation: 

/(F"(A)) = /(A)nF"(B) 

is satisfied; that is, any element b G F"'{B) D ImA is already in Im F^{A). 
This is not the case for any morphism. 

A filtered morphism in an additive category / : {A, F) — > {B, F) is called strict 
if it induces a filtered isomorphism {Coim{f), F) — > {Im{f), F) from the coimage 
to the image of / with their induced filtrations. 

This concept is basic to the theory, so we mention the following criteria: 

Proposition 3.7. i) A filtered morphism / : {A, F) — > {B, F) of objects with finite 
filtrations is strict if and only if the following exact sequence of graded objects is 
exact: 

-> GrpiKerf) GrpiA) GrpiB) GrpiCokerf) 

ii) Let S : {A, F) ^ {B, F) A (C, F) be a sequence S of strict morphisms such 
that g o / = 0, then the cohomology H with induced filtration satisfies: 

H{GrF{S)) ~ GrF{H{S)). 

3.1.4. Two filtrations. Let A be an object of A with two filtrations F and G. By 
definition, Grp{A) is a quotient of a sub-object of A, and as such, it is endowed 
with an induced filtration by G. Its associated graded object defines a bigraded 
object Gr^Gr^P {A)„,mei-- We refer to IT for: 

Lemma 3.8 ( Zassenhaus' lemma). The objects Gr^Gr^^A) and GrpGr^{A) are 
isomorphic. 

Remark 3.9. Let _ff be a third filtration on A. It induces a filtration on Grp{A), 
hence on GrcGrp{A). It induces also a filtration on GrFGrG{A). These filtra- 
tions do not correspond in general under the above isomorphism. In the formula 
GrHGrcGrplA), G et H have symmetric role, but not F and G. 

3.1.5. Hom and tensor functors. If A and B are two filtered objects of A, we define 
a filtration on the left exact functor Hom: 

F^Hom{A, B)^{f -.A^B: Vn, C 

Hence: 

Hom{{A, F), (B, F)) ^ F"{Hom{A, B)). 
If A and B are modules on some ring, we define: 

F^{A®B)^Y^ ImiF'^iA) F^^'^iB) ^A®B) 

m 

3.1.6. Multifunctor. In general if i7 : Ai x . . . x A„ ^ B is a right exact multi- 
additive functor, we define: 

F\H{A^,...,Ar,))= Im{H{F'''Ai,...,F''"Ar,)^H{Au...,A^)) 

and dually if H is left exact: 
F\H{A^,...,Ar,)= fl i^er(ff(^i,...,A„)^ff(Ai/i^^iAi,...,A„/i^""A„)) 

If H is exact, both definitions are equivalent. 
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3.2. Opposite filtrations. We review here the definition of Hodge Structure in 
terms of filtrations, as it is adapted to its generafization to Mixed Hodge Structure. 
For any A- module Ha, the complex conjugation extends to a conjugation on the 
space He — Ha 'E)a C. A filtration F on He has a conjugate filtration F such that 
(FyHc = Fni^. 

Definition 3.10. ([HSl]) An A-Hodge structure H of weight n consists of: 

i) an ^-module of finite type Ha, 

ii) a finite filtration F on He (the Hodge filtration) such that F and its conjugate 
F satisfy the relation: 

GrPpGr^iHc) = 0, for p + q ^ n 

The module Ha, or its image in Hq is called the lattice. The Hodge Structure 
is real when yl = R, rational when A = Q and integral when A ~ Z. 

3.2.1. Opposite filtrations. The linear algebra of Mixed Hodge Structures applies 
to an abelian category A if we use the following definition where no conjugation 
map appears. 

Two finite filtrations F and G on an object A of A are n-opposite if: 

GrP,Grl{A)=0 ioi p + q^n. 

hence the Hodge filtration F on a Hodge Sructure of weight n is n-opposite to its 
conjugate F. The following constructions will define an equivalence of categories 
between objects of A with two n-opposite filtrations and bigraded objects of A of 
the following type. 

Example 3.11. Let Ap-? be a bigraded object of A such that AP'« = 0, for all 
but a finite number of pairs {p, q) and A^'' = for p + q ^ n; then we define two 
n-opposite filtrations on A = q^^''^ 

i^p (A) = ^ A''' '9' , G« (A) = ^ A"' 

p'>p q'>q 

We have Gr^pGrUA) = Ap^i. 

We state reciprocally [5]: 

Proposition 3.12. i) Two finite filtrations F and G on an object A are n-opposite, 
if and only if: 

yp,q, p + q^n + l^FP{A)®G''{A):^A. 

ii) If F and G are n-opposite, and if we put AP'« = FP{A) D G'^{A), ior p + q = n, 
j^p.q — for p + g ^ n, then A is a direct sum of AP''^. 

Moreover, F and G can be deduced from the bigraded object AP''^ of A by the 
above procedure. We recall the previous equivalent definition of Hodge Structure: 

Definition 3.13. ([HS2]) An A-Hodge Structure on H of weight n is a pair of a 
finite A-module Ha and a decomposition into a direct sum on H^ = Ha ®a C: 

He = ®p+q^nHP''^ such that H^''' = H'^'P 

The relation with the previous definition is given by HP''' = FP{H£) n F'(iJc) 
for p + q — n. 
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3.2.2. Complex Hodge Structures. For some arguments in analysis, we don't need 
to know that F is the conjugate of F. 

Definition 3.14. A complex Hodge Structure of weight n on a complex vector 
space H is given by a pair of n— opposite filtrations F and F, hence a decomposition 
into a direct sum of subspaccs: 

H ^ ®p+g=„fff '9, where = i^P n 

The two n— opposite filtrations F and F on a complex Hodge Structure of weight 
n can be recovered from the decomposition by the formula: 

F^ = ei>pif*'"-* f" = ei<„-g/f''"-' 

Here we don't assume the existence of conjugation although we keep the notation F. 
An ^-Hodgc Structure of weight n defines a complex Hodge Structure on H ^ He- 
To define polarization, we recall that the conjugate space H of a complex vector 
space H, is the same group H with a different complex structure, such that the 
identity map on the group H defines a real linear map a : H ^ H and the product 
by scalars satisfy the relation VA G C,t; € i?, A y-TjCr{v) := a{\ Xh v), then the 
complex structure on H is unique. On the other hand a complex linear morphism 
f : V ^ V defines a complex linear conjugate morphism f : V ^ V satisfying 
7{a{v)) - a{f{v)). 

Definition 3.15. A polarization of a complex Hodge Structure of weight n is a 
bilinear morphism 5 : (g) i? — > C such that: 

S{x, a{y)) = {-iy'S{y,a{x)) for x,y € L and S{FP, = for p + g > n. 

and moreover S{C{H)u,a{v)) is a positive definite Hermitian form on H where 
C{H) denotes the Weil action on H. 

Example 3.16. A complex Hodge Structure of weight on a complex vector space 
H is given by a decomposition into a direct sum of subspaces H = (Bp^zHP , then 
= for i + 0, = ®i>pHP and f" = ®i<-gH\ 
A polarization is an Hermitian form on H for which the decomposition is or- 
thogonal and whose restriction to is definite for p even and negative definite for 
odd p. 

3.2.3. Examples of Mixed Hodge Structure. 1) A Hodge Structure H of weight n, 
is a Mixed Hodge Structure with weight filtration: 

Wi{Hq) = for i < n and Wi{HQ) = Hq for i>n. 

2) Let {H^,Fi) be a finite family of A-Hodge Structures of weight i € Z; then 
H = is endowed with the following Mixed Hodge Structure: 

Ha = ®iH\, W„ = ®i<nH\ ® Q, F^ = ®iF[. 

3) Let Hz = C C", then we consider the isomorphism Hz (g) C ~ C" defined 
with respect to the canonical basis cj of C" by: 

He — > C" : icj (8) {aj + ibj) i{aj + ibj)ej = {—bj + icij)ej 

hence the conjugation a{iej (g) {aj + ibj)) = iej (g) {aj — ibj) on He, corresponds to 
the following conjugation on C": <T{—bj + iaj)ej = {bj + iaj)ej. 
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4) Let H = {Hz, F, W) be a Mixed Hodge Structure; its m— twist is a Mixed Hodge 
Structure denoted by H{m) and defined by: 

H{m)z := Hz^{2iTrrZ, WrH{m) := (W^+2„/fQ)®(2i7r)'"Q, FrH{m) := F^'+'^Hc. 

3.2.4. Tensor product and Horn. Let H and H' be two Mixed Hodge Structures. 
1) We define their Mixed Hodge Structure tensor product H ®H' , by applying the 
above general rules of filtrations, as follows: 

1) (H ® H')z = Hz®H^ 

ii) WiH ® H% -.^ Ep+p'=. WPH^ ® Wp'h^ 

iii) F-{H ® H')c := Ep+p'^r P^Hc ® FP'Hi. 

2) The Mixed Hodge Structure on Hom{H, H') is defined as follows: 

i) Hom{H,H% := Homz{Hz,H^) 

ii) WrHom{H,H% := {/ : HomQ{HQ,H^) : Vn,/(Ty„i?) C W^+rH'} 

iii) F^Hom{H,H')c := {/ : HomciHc,H^) : -inJ^F^H) C F^'+'^H'}. 
In particular the dual H* to i? is a Mixed Hodge Structure. 

3.3. Proof of the canonical decomposition of the weight filtration. Injec- 
tivity of (p. Let m = p + q, then we have the inclusion modulo Wm-i of the image 
(p(/P'«) c = {FP n F9){Gr^H). Lei^ e 7P'« such that ip{v) = 0, then 

V e FPf]Wm-i and the class cl{v) in {FP r\'F^){GrZ-iH) = sincep + g > m- 1, 
hence cl{v) must vanish; so we deduce that v € FP r\ Wm-2- This is a step in an 
inductive argument based on the formula FP © pq-r+i Gr^_^H. We want to 
prove V & FP r\ Wm-r for all r > 0. We just proved this for r = 2. Hence we write 

1 — l>i>l i>r-l>l 

where the right term is in Wm-r-i, since Wm-i-i C Wm-r-i for i > r — 1, 
hence v G Fp n Fi-r+i p Wm-r modulo Wm-r-i since F is decreasing. As {Fp n 
Fi-^+^)Gr^_^H = for r > 0, the class d{v) = e GrJ;^_^-ff, then w G n 
W„i-r-i- Finally, as Wm-r = for large r, we deduce v = 0. 

Surjectivity. Let a e 7?^''; there exists t;o G fl Wm (resp. mq G n T4^m) such 
that ip(vo) = a = ipiuo), hence vq = uq + wq with wq € Wm-i- Applying the 
formula Fp (B Fi c:^ Gr^_i, the class of wq decomposes as cl{wo) = cl{v') + cl{u') 
with v' & FP r\ Wm-i and m' G F« n Wm-i] hence there exists G Wm-2 such 
that 1)0 = uo + 1^' + + wi- Let vi := — 'f^' and ui = uo + u', then 

t;i = Ml + wi, where m G F" n Wm, FP n Wm, wi G W„_2. 

By an increasing inductive argument on k, we apply the formula: 

pp e Fs-'^+i ~ Gr^.fc 
to find vectors Vk,Uk,Wk satisfying: 

Vk e FP n Wm, Wk G VFm_i_fc, (fiivk) =a, Vk = Uk + Wk 

ufe e F« n VK™ + n VK„_2 + F*-^ n w^„_3 + - + f''+^-'' n 

then we decompose the class of Wk in Gr^_^_-^H in the inductive step as above. 
For large k, Wm-i-k = and we represent a in /P'^. 

Moreover W„ = W„_i ® (®p+g=„/P'5), hence by induction we decompose W„ as 
direct sum of /^''^ for p + g > n. 

Next we suppose, by induction, the formula for Fp satisfied for all v G W„_i fl Fp. 
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The image of an clement v € PPnWn in Gr^ H deeomposes into Hodge components 
of type (i, n — i) with i>p since v & C\ Wn- Hence the decomposition of v may 
be writen as v = vi + V2 with vi € (Bi<pP'"'^'^ and V2 & (Bi>pP'^"^ with vi S Wn-i 
since its image vanish in Gr^ H . Hence, the formula for follows by the inductive 
step. 

3.3.1. Proof of the abelianness of the category ofMHS and strictness. The definition 

of Mixed Hodge Structure has a surprising strong property, since any morphism 
of Mixed Hodge Structures is necessarily strict for each filtration W and F. In 
consequence, the category is abelian. 

Lemma 3.17. The kernel (resp. cokernel) of a morphism f of Mixed Hodge Struc- 
tures: H ^ H' is a Mixed Hodge Structure K with underlying module Ka equal to 
the kernel (resp. cokernel) of fA '■ Ha — >■ H'a; moreover Ka (8i Q and Ka (8> C are 
endowed with induced filtrations (resp. quotient filtrations) by W on Ha^q (resp. 
H'A<s,q) and F on He (resp. H'c). 

Proof. A morphism compatible with the filtrations is necessarily compatible with 
the canonical decomposition of the Mixed Hodge Structure into ©/^'^. It is enough 
to check the statement on Kc, hence we drop the index by C. We consider on 
K = Ker{f) the induced filtrations from H. The morphism Gr^ K — > Gr^ H 
is injective, since it is injective on the corresponding terms I^'^; moreover, the 
filtration F (resp. F) of K induces on Gr^ K the inverse image of the filtration F 
(resp. F) on Gr"^ H: 

Gr^K = ®p,g{Gr^ KjDHP'iiGr^ H) and HP'i{Gr^K) = {Gr^ K)r\HP''^ {Gr^ H) 

Hence the filtrations W,F on K define a Mixed Hodge Structure on K which is 
a kernel of / in the category of Mixed Hodge Structures. The statement on the 
cokernel follows by duality. □ 

We still need to prove that for a morphism / of Mixed Hodge Structures, the 

canonical morphism Coim(f) Im{f) is an isomorphism of Mixed Hodge Struc- 
tures. Since by the above lemma Coim{f) and Im{f) are endowed with natural 
Mixed Hodge Structure, the result follows from the statement: 

A morphism of Mixed Hodge Structures which induces an isomorphism on the lat- 
tices, is an isomorphism of Mixed Hodge Structures. 

Corollary 3.18. i) Each morphism f : H ^ H' is strictly compatible with the 
filtrations W on Ha^q and H'ai^q as well the filtrations F on He and H'c- It 

induces morphisms Gr^ (f) : Gr^ {HA®(i) Gr^ {H' a^iq) compatible with the 
A(8)Q-Hodge Structures, and morphisms Grp{f) : Grp{Hc) Grp{H'c) strictly 
compatible with the induced filtrations by Wc. 

ii) The functor Gr^ from the category of Mixed Hodge Structures to the category 
A <S> Q- Hodge Structures of weight n is exact and the functor Gr^ is also exact. 

Remark 3.19. The above result shows that any exact sequence of Mixed Hodge 
Structures gives rise to various exact sequences which, in the case of Mixed Hodge 
Structures on cohomology of algebraic varieties that we are going to construct, 
have in general interesting geometrical interpretation, since we deduce from any 
long exact sequence of Mixed Hodge Structures: 

H'' -^W ^ H"' H''+^ 
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various exact sequences: 

Grf i?'^ ^ Gr'^'W Gr^ H"' Gr^ H"+^ 
for Q (resp. C) coefficients, and: 

Gr'^pH" Gr'^W Gr],H"' Gr]rH''+^ 
Gr'^Gr'^H" Gr-^Gr^ H' Gr'^Gr'^H'" Gr-^Gr^ H"+\ 

3.3.2. Hodge numbers. Let 77 be a Mixed Hodge Structure and set: 

H^^ = GrlGr^Gr^^^Hc = {Gr^+^H^r^ . 

The Hodge numbers of H are the integers h'P'^ — dimc-ff^'^, that is the Hodge 
numbers of the Hodge Structure Gr^^H. 

3.3.3. Opposite filtrations. Most of the proofs on the algebraic structure of Mixed 
Hodge Structure may be carried for three filtrations in an abelian category defined 
as follows [6] 

Definition 3.20 (Opposite filtrations). Three finite filtrations W (increasing), F 
and G on an object A of A are opposite if 

GrPpGr%Gr^ {A) = {) for p + q ^ n. 

This condition is symmetric in F and G. It means that F and G induce on 
Wn{A) /Wn-i{A) two n-opposite filtrations, then Gr^(A) is bigraded 

W,M)/W.n-i{A) = (Bp+,^nAP^'^ where A^''^ = Gr^pGr%Gr^+^{A) 

Example 3.21. i) A bigraded object A = (BA^''^ of finite bigrading has the follow- 
ing three opposite filtrations 

Wn — ®p+q<nA^''^ , F^ — ®p'>pA^ , G"' ~ ^q'yq-A^ 

ii) In the definition of an A-Mixed Hodge Structure, the filtration Wc on iJc de- 
duced from W by saclar extension, the filtration F and its complex conjugate , form 
a system (Wc, F, F) of three opposite filtrations. 

Theorem 3.22 (Deligne). Let A be an abelian category and A' the category of 
objects of A endowed with three opposite filtrations W (increasing), F and G. The 
morphisms of A' are morphisms in A compatible with the three filtrations. 

i) A' is an abelian category. 

ii) The kernel (resp. cokernel) of a morphism f : A ^ B in A' is the kernel (resp. 
cokernel ) of f in A, endowed with the three induced filtrations from A (resp. quo- 
tient of the filtrations on B). 

Hi) Any morphism f : A ^ B in A' is strictly compatible with the filtrations W, F 
and G; the morphism Gr^ (f) is compatible with the bigradings of Gr^ (A) and 
Gr^{B); the morphisms Grp{f) and GrQ{f) are strictly compatible with the in- 
duced filtration by W . 

iv) The forget the filtrations functors, as wellGr^ ,Grp,GrQ, Gr^Grp ~ GrpGr^ , 
GrpGroGr^ and GraGr^ ~ Gr^ Gra of A' in A are exact. 
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3.4. Complex Mixed Hodge Structures. Although the cohomology of algebraic 
varieties carries a Mixed Hodge Structure defined over Z, we may need to work in 
analysis without such structure over Z. 

Definition 3.23. A complex Mixed Hodge Structure of weight n on a complex 
vector space H is given by an increasing filtration W and two decreasing filtrations 
F and G such that {Gr^ H, F, G), with the induced filtrations, is a complex HS of 
weight n + k. 

For n = 0, we say a complex Mixed Hodge Structure. The definition of complex 
Hodge Structure of weight n is obtained in the particular case when Wn = H and 

Wn-l = 0. 

3.4.1. Variation of complex Mixed Hodge Structures. The structure which appears 

in deformation theory on the cohomology of the fibers of a morphism of algebraic 
varieties leads one to introduce the concept of variation of Mixed Hodge Structure. 

Definition 3.24. i) A variation (VHS) of complex Hodge Structures on a complex 
manifold X of weight n is given by a data {'H,F,F) where 'H is a complex local 
system, F (resp. F) is a decreasing filtration varying holomorphically (resp. anti- 
holomorphically) by sub- bundles of the vector bundle Ox ®c'^ (resp. Oj^(S>cT^ on 
the conjugate variety X with anti-holomorphic structural sheaf) such that for each 
point X £ X, data {'H{x),F{x),F{x)) form a Hodge Structure of weight n. More- 
over, the connection V defined by the local system satisfies Griffiths tranversality: 
for tangent vectors v holomorphic and u anti-holomorphic 

{V,FP)cFP-\ (V^F)cF"' 

ii) A variation (VMHS) of complex Mixed Hodge Structures of weight n on X is 
given by the following data 

in,W,F,F) 

where "H is a complex local system, W an increasing filtration by sub-local sys- 
tems (resp. F) is a decreasing filtration varying holomorphically (resp. anti- 
holomorphically) satisfying Griffiths tranversality 

(V,Ff) C FP-\ {VuF") c F"'^ 

such that {Gr^'H,F,F), with the induced filtrations, is a complex VHS of weight 
n + k. 

For n = we just say a complex Variation of Mixed Hodge Structures. Let 
'H be the conjugate local system of C. A linear morphism 5 : 'H (8)c 'H — > Cx 
defines a polarization of a VHS if it defines a polarization at each point x E X. K 
complex Mixed Hodge Structure of weight n is graded polarisable if {Gr^'H, F, F) 
is a polarized Variation Hodge Structure. 

4. Hypercohomology and spectral sequence of a Filtered Complex 

The abstract definition of Mixed Hodge Structures is intended to describe global 
topological and geometrical properties of algebraic varieties and will be established 
by constructing special complexes of sheaves K endowed with two filtrations W 
and F. As in the definition of Mixed Hodge Structures, the filtration W must be 
defined on the rational level, while F exists only on the complex level. 
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The topological techniques used to construct W on the rational level are different 
from the geometrical techniques represented by de Rham complex used to construct 
the filtration F on the complex level. 

Comparison morphisms between the rational and complex levels must be added 
in order to obtain a satisfactory functorial theory of Mixed Hodge Structures with 
respect to algebraic morphisms. This functoriality on the level of complexes cannot 
be obtained in the actual abelian category of complexes of sheaves but in a modified 
category called the derived category [3S] , [55] , [5S] , that we describe in this section. 

In this section we are going to introduce the proper terminology. 

In the next section we use this language in order to state rigorously the hypothe- 
ses on the weight filtration W and Hodge filtration F on K needed to induce a 
Mixed Hodge Structure on the ith-cohomology {H^{K), W, F) of the complex K. 

The proof of the existence of the Mixed Hodge Structure is based on the use of 
the spectral sequence of the filtered complex {K, W) . In this section we recall what 
a spectral sequence is and discuss its behavior with respect to morphisms of filtered 
complexes. 

The filtration F induces different filtrations on the spectral sequence in various 
ways. A detailed study in the next section will show that these filtrations coin- 
cide under adequate hypotheses and define a Hodge Structure on the terms of the 
spectral sequence. 

4.0.2. Spectral sequence defined by a filtered complex (K, F) in an abelian category. 
We consider decreasing filtrations. A change of the sign of the indices transforms 
an increasing filtration into a decreasing one, hence any result has a meaning for 
both filtrations. 

Definition 4.1. Let K he a, complex of objects of an abelian category A, with a 
decreasing filtration by subcomplexes F. It induces a filtration F on the cohomology 
H*{K), defined by: 

F'W{K) = Ira{W{F'K) H^K)), ViJ e Z. 

The spectral sequence defined by the filtered complex {K, F) is a method to 
compute the graded object Gr*pH* [K) . It consists of indexed objects of A endowed 
with differentials (see 14.31 for explicit definitions): 

(1) terms EP'i for r > 0,^,9 £ Z, 

(2) differentials dr : EP'i -J> i;p+'-^9-r-+i g^ch that d., odr = 0, 

(3) isomorphisms: 



of the (p, g)-term of index r + 1 with the corresponding cohomology of the sequence 
with index r. To avoid ambiguity we may write pE^'^ or EP'i{K, F). The first term 
is defined as: 




d. 



d. 



El" = H-P+'i{Grl{K)). 
The aim of the spectral sequence is to compute the terms: 



EP^ := Grl{HP+''{K)) 



The spectral sequence is said to degenerate if: 



Vp, g, 3 ro(p, q) such that Vr > ro, E^" ~ E^J^ := Gr'p HP+"{K). 
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It degenerates at rank r if the differentials di of Ef^ vanish for i > r. 
In DeUgne- Hodge theory, the spectral sequences of the next section degenerates at 
rank less than 2. Most known applications are in the case of degenerate spectral 
sequences [18], for example we assume the filtration biregular, that is finite in each 
degree of K. It is often convenient to locate the terms on the coordinates {p, q) in 
some region of the plan R^; it degenerates for example when for r increasing, the 
differential dr has source or target outside the region of non vanishing terms. 

Formulas for the terms r > 1 are mentioned later in this section, but we will 
work hard to introduce sufficient conditions to imply specifically in our case that 
= for r > 1, hence the terms E^'' are identical for all r > 1 and isomorphic to 

the cohomology of the sequence E^~^''^ — ^ i?f — E^'^^''^. 

Morphisms of spectral sequences. A morphism of filtered complexes / : (K, F) — 
{K' , F') compatible with the filtration induces a morphism of the corresponding 
spectral sequences. 

Filtered resolutions. In presence of two filtrations by subcomplexes F and on a 
complex K of objects of an abelian category A, the filtration F induces by restriction 
a new filtration F on the terms W^K, which also induces a quotient filtration 
F on GryyK. We define in this way the graded complexes GrpK, GrwK and 
GrpGrwK. 

Definition 4.2. i) A filtration F on a complex K is called biregular if it is finite 
in each degree of K . 

ii) A morphism / : X ^ Y of complexes of objects of A is a quasi-isomorphism 
denoted by « if the induced morphisms on cohomology F[*{f) : H*{X) ^ H*{Y) 
are isomorphisms for all degrees. 

iii) A morphism / : [K^ F) ^ {K' , F) of complexes with biregular filtrations is 
a filtered quasi-isomorphism if it is compatible with the filtrations and induces a 
quasi-isomorphism on the graded object Gr*p{f) : Gr*p{K) ^ Gr*p{K'). 

iv) A morphism / : {K, F, W) {K', F, W) of complexes with biregular filtrations 
F and is a bi-filtered quasi-isomorphism if Gr*pGr'^{f) is a quasi-isomorphism. 

In the case iii) we call {K' , F) a filtered resolution of [K, F) and in iv) we say a 
bi-filtered resolution, while in i) it is just a resolution. 

Proposition 4.3. Let / : (if, F) (A'', F') be a filtered morphism with biregular 
filtrations, then the following assertions are equivalent: 

i) / is a filtered quasi-isomorphism. 

ii) El'^if) : Ef''{K,F) EfiK'^F') is an isomorphism for all p,q. 

in) EP'^if) : EP'i{K, F) EP1{K' , F') is an isomorphism for ah r > 1 and aU p, q. 

By definition of the terms Ef^, (ii) is equivalent to (i). We deduce iii) from 
ii) by induction. If we suppose the isomorphism in iii) satisfied for r < ro, the 
isomorphism for ro -l- 1 follows since EP^{f) is compatible with d^o. 

Proposition 4.4. (Prop. 1.3.2 6 ) Let K he a. complex with a biregular filtration 
F . The following conditions are equivalent: 

i) The spectral sequence defined by F degenerates at rank 1 [Ei — Eoo) 

ii) The differentials d : K^^^ are strictly compatible with the filtrations. 
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4.0. 3. Diagrams of morphisms. In the next section, we call morphism of filtered 
complexes / : (ifi, Fi) — > (i^2, i^2), a class of diagrams of morphisms: 

(A'l, Fi) <^ {K[,F[) ^ {K2, F2) , {K,,F,) ^ [K'^, , F^) 4^ {K,, , F,) 

where gi and 52 sue filtered quasi-isomorphisms. We think of / as /i o g^^ (resp. 
/ = 92^^ o /2) by adding the inverse of a quasi- isomorphism to the morphisms in 
the category. This formal construction is explained below. 

It follows that a diagram of filtered morphisms of complexes induces a morphism 
of the corresponding spectral sequences, but the reciprocal statement is not true: 
the existence of a quasi-isomorphism is stronger than the existence of an isomor- 
phism of spectral sequences. 

The idea to add the inverse of quasi-isomorphisms to the morphisms of complexes 
is due to Grothendieck (inspired by the construction of the inverse of a multiplicative 
system in a ring). It is an advantage to use such diagrams on the complex level, 
rather than to work with morphisms on the cohomology level, as the theory of 
derived category will show. The derived filtered categories described below have 
been used extensively in the theory of perverse sheaves and developments of Hodge 
theory in an essential way. 

4.1. Derived filtered category. We will use in the next section the language 
of filtered and bi-filtered derived categories, to define Mixed Hodge Structure with 
compatibility between the various data and functoriality compatible with the fil- 
trations. 

4.1.1. Background on derived category. The idea of Grothendieck is to construct 
a new category where the class of all quasi-isomorphisms become isomorphisms in 
the new category. We follow here the construction given by Verdier [3S] in two 
steps. In the first step we construct the homotopy category where the morphisms 
are classes defined up to homotopy ([35], see [2l],[l]), and in the second step, 
a process of inverting all quasi-isomorphisms called localization is carried by a 
calculus of fractions similar to the process of inverting a multiplicative system in 
a ring, although in this case the system of quasi-isomorphisms is not commutative 
so that a set of diagram relations must be carefully added in the definition of a 
multiplicative system ('|28|.[Tj). 

4.1.2. The homotopy category K{A). Let A be an abelian category and let C(A) 
(resp. C+(A), C^(A), C^(A)) denotes the abelian category of complexes of objects 
in A (resp. complexes X* satisfying = 0, for j << and for j >> 0, i.e., for j 
outside a finite interval). 

An homotopy between two morphisms of complexes /, g : X* Y* is a family 
of morphisms : X^ yi-i jn A satisfying — = d-!^^ o + h^^^ o d^. 
Homotopy defines an equivalence relation on the additive group Homc{A) {X* , Y*). 

Definition 4.5. The category K{A) has the same object as the category of com- 
plexes C(A), while the group of morphisms -ffomj^ (a)(X*, F*) is the group of mor- 
phisms of the two complexes of A modulo the homotopy equivalence relation. 

4.1.3. Infective resolutions. . An abelian category A is said to have enough injec- 
tives if each object A e A is embedded in an injective object of A. In this case we 
can give another description of HomK(K){X* ,Y*). 
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Any complex X of A bounded below is quasi-isomorphic to a complex of injective 
objects I*{X) called its injective resolution [28] . 

Proposition 4.6. Given a morpliism f : Ai ^ A2 in C^(A) and two injective 
resolutions Ai I*{Ai) of Ai, there exists an extension of / as a morphism of 
resolutions /*(/) : I*{Ai) I*{A2); moreover two extensions of / are homotopic. 
In particular HomK+iA){^i, ^2) ~ 77om^+(A)(/*(^i), /*(^2))- 

See lemma 4.4 in [21]. Hence, an injective resolution of an object in A becomes 
unique up to an isomorphism and functorial in the category K'^{A). 
The category K~^{A) is only additive, even if A is abelian. Although we keep the 
same objects as in C~^{A), the transformation on Horn is an important change in 
the category since an homotopy equivalence between two complexes (i.e f : X Y 
and g : Y ^ X such that go/ (resp./ o g) is homotopic to the identity) becomes 
an isomorphism. 

Remark 4.7. The ith cohomology of a sheaf J-" on a topological space V, is defined 
up to an isomorphism as the cohomology of the global section of an injective reso- 
lution H'-{I*{T){V)). The complex of global sections I*{T){V) is defined up to an 
homotopy in the category of groups C'^ (Z) , while it is defined up to an isomorphism 
in the homotopy category of groups K'^{'Z), and called the higher direct image of 
T by the global section functor F or the image RT{V,T) by the derived functor. 

4.1.4. The derived category D{A). The resolutions of a given complex are quasi- 
isomorphic. If we want to consider all resolutions as isomorphic, we must invert 
quasi-isomorphisms of complexes. We construct now a new category D{A) with 
the same objects as K{A) but with a different additive group of morphisms of two 
objects Homui^j^'f{X,Y) that we describe. 

Let ly denotes the category whose objects are quasi-isomorphisms s' : Y ^ Y' 
in K{A). Let s" : Y ^ Y" be another object. A morphism Y' \ Y" satisfying 
h o s' = s" defines a morphism h : s' s" . The key property is that we can take 
limits in K[A): 

HomD{K){X,Y) -.^ lim HomK(h:){X,Y') 
— > W 

By definition, X ^ Y' <^ Y is equal to X Y" <^ Y in the inductive limit if 
and only if there exists a diagram Y' A- Y'" Y" such that uos' = vos" is a, quasi 
isomorphism s'" : Y — > Y'" and uof = vogis the same morphism X — > Y'" . In 
this case, an element of the group at right may be represented by a symbol s' ^ o / 
and this representation is not unique since in the above limit s' ^ o f = s" ^ o g. 
We summarize what we need to know here by few remarks: 

1) A morphism f : X ^ Y in D{A) is represented by a diagram of morphisms: 

X Z ^Y or X <^ Z ^Y 

where u is a quasi-isomorphism in K(A) or by a sequence of such diagrams. 

2) When there are enough injectives, the Horn of two objects Ai, A2 in _D+(A) is 
defined by their injective resolutions (lemma 4.5, Prop. 4.7 in [IJ): 

HomD+iAMi,A2) ~ HomD+(A){I*{Ai),r{A2)) ~ i/om;^+(A)(r (^li), r(^2)) 
In particular, all resolutions of a complex are isomorphic in the derived category. 
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4.1.5. Triangles. We define the shift of a complex {K, dx), denoted by TK or K[l], 
by shifting the degrees: 

{TKY = K'+\ dTK = ~dK 
Let u : K ^ K' he & morphism of C^A, the cone C{u) is the complex TK ® K' 
with the differential d^,) ■ '^^'^ exact sequence associated to C{u) is: 

^ if' ^ C(u) ^ Tif ^ 

Let h denotes an homotopy from a morphism u : K ^ K' to u' , we define an 

isomorphism //j : C{u) ^ C{u') by the matrix (^^^ acting on TK © K', which 

commute with the injections of K' in C{u) and C{u'), and with the projections on 
TK. 

Let h and h' be two homotopies of u to u'. A second homotopy of h to h' , that is a 
family of morphisms : A'^+^ K ^ for j G Z, satisfying /i— /i' = dK'ok—kodK, 
defines an homotopy of Ih to I^' . 

A distinguished (or exact) triangle in K{A) is a sequence of complexes isomorphic 
to the image of an exact sequence associated to a cone in C(A). We remark: 

1) The cone over the identity morphism of a complex X is homotopic to zero. 

2) Using the construction of the mapping cylinder complex over a morphism of 
complexes u : X ^ Y, one can transform u, up to an homotopy equivalence into 
an injective morphism of complexes [28)1. 

3) The derived category is a triangulated category (that is endowed with a class 
of distinguished triangles). A distinguished triangle in D(A) is a sequence of com- 
plexes isomorphic to the image of a distinguished triangle in K(A) . Long exact 
sequences of cohomologies are associated to triangles. 

4.1.6. Derived functor. Let T : A — )■ B be a functor of abelian categories. We 
denote also by T : C~^A C+B the corresponding functor on complexes, and by 
can : C+A D^A the canonical functor, then we construct a derived functor: 

RT : D+A D+M 

satisfying RT o can ~ can o T under the following conditions: 

1) the functor T : A ^ B is left exact; 

2) the category A has enough injective objects. 

The construction is dual with the following condition: T is right exact and there 
exists enough projective. 

a) Given a complex K in D^{A), we start by choosing an injective resolution of K , 
that is a quasi-isomorphism i : K ^ where the components of / are injectives 
in each degree (see |24j Lemma 4.6 p. 42). 

b) We define RT{K) = T[I{K)). 

c) A morphism f : K ^ K' gives rise to a morphism RT{K) RT{K') functori- 
ally, since / can be extended to a morphism /(/) : T{I{K)) — > T(I{K')), defined 
on the injective resolutions uniquely up to homotopy. 

In particular, for a different choice of an injective resolution J{K) of K , we have 
an isomorphism T{I{K)) ~ T{J{K)) in £)+(»). 



Definition 4.8. i) The cohomology {RT{K)) is called the hypercohomology 
RiT{K) of T at K. 

ii) An object ^ e A is T-acychc if R^T{A) = for j > 0. 
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Remark 4.9. i) li K ^ K' is a quasi-isomorphism of complexes, TK and TK' 
are not quasi-isomorphisc in general, while RT{K) and RT{K') must be quasi- 
isomorphic since the image of an isomorphism in the derived category must be an 
isomorphism. 

ii) It is important to know that we can use acyclic objects to compute RT: for 
any resolution A{K) of a complex K : K ^ A{K)), by acyclic objects, TA{K) is 
isomorphic to the complex RT{K). 

Example 4.10. 1) The hypercohomology of the global section functor F in the case 
of sheaves on a topological space, is equal to the cohomology defined via flasque 
resolutions or any "acyclic " resolution. 

2) Extension groups. The group of morphisms of two complexes lfom£)(A)(-'^*, Y*) 
obtained in the new category D{A) called derived category has a significant inter- 
pretation as an extension group: 

HomDiK){X*,Y*[n]) = Ext'^iX^Y*) 

In presence of enough injectives, these groups are derived from the Ham functor. 
In general the group Hom£,^i^-^[A, B[n\) of two objects in A may be still interpreted 
as the Yoneda n— extension group [28] . 

4.1.7. Filtered homotopy categories K'^F{A),K^F2{A). For an abelian category 
A, let FA (resp. F2A) denotes the category of filtered objects (resp. bi-filtered) of 
A with finite filtration(s), C^FA (resp. C+F2A ) the category of complexes of FA 
(resp. F2A ) bounded on the left ( zero in degrees near —00) with morphisms of 
complexes respecting the filtration(s). 

Two morphisms u, u' : {K, F, W) {K' , F, W) to are homotopic if there exists an 
homotopy from u to u' compatible with the filtrations, then it induces an homotopy 
on each term fc'+^ : F^ K^^^ F'^K ' (resp. for W) and in particular Grpiu — u') 
(resp. GrpGrw{u — u')) is homotopic to 0. 

The homotopy category whose objects are bounded below complexes of filtered 
(resp. bi-filtered) objects of A, and whose morphisms are equivalence classes modulo 
homotopy compatible with the filtration(s) is denoted by K^FA (resp. K'^F2A). 

4.1.8. Derived filtered categories £)+F(A), F'+F2(A). They are deduced from K^FA 
(resp. _ftr"'"F2A) by inverting the filtered quasi-isomorphisms (resp. bi-filtered quasi- 
isomorphisms). The objects of D+FA (resp.r'"'"F2A ) are complexes of filtered ob- 
jects of A as of K^FA (resp. K'^F2A). Hence, the morphisms are represented by 
diagrams with filtered (resp. bi-filtered) quasi-isomorphisms. 

4.1.9. Triangles. The complex T[K^ F^W) and the cone C{u) of a morphism u : 
{K, F, W) {K', F, W) are endowed naturally with filtrations F and W. The exact 
sequence associated to C{u) is compatible with the filtrations. A filtered homotopy 
h of morphisms u and u' defines a filtered isomorphism of cones Ih ■ C{u) ^ C{u'). 
Distinguished (or exact) triangles are defined similarly in iC+FA and K~^F2A as 
well in D+FA and D'^F2A. Long filtered (resp. bi- filtered) exact sequences of 
cohomologies are associated to triangles. 

4.2. Derived functor on a filtered complex. Let T : A ^ B be a left exact 
functor of abelian categories with enough injectives in A. We want to construct a 
derived functor RT : D+FA D+FM (resp. RT : D+F2A D+F2'B). Given a 
filtered complex with biregular filtration(s) we define first the image of the filtrations 
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via acyclic filtered resolutions. Then, we remark that the image of a filtered quasi- 
isomorphism is a filtered quasi-isomorphism, hence the construction factors by RT 
through the derived filtered category. 

We need to introduce the concept of T-acyclic filtered resolutions. 

4.2.1. Image of a filtration by a left exact functor. Let {A,F) be a filtered object 
in A, with a finite filtration. Since T is left exact, a filtration TF of TA is defined 
by the sub-objects TFp{A). 

If GrpiA) is T-acyclic, then the objects F'p{A) are T-acyclic as successive ex- 
tensions of T-acyclic objects. Hence, the image by T of the sequence of acyclic 
objects: 

^ FP+^{A) FP{A) Gr^p{A) ^ 

is exact; then: 

Lemma 4.11. If GrpA is a T— acyclic object, we have GrppTA ~ TGrpA. 

4.2.2. Let A be an object with two finite filtrations F and W such that GrpGrwA 
is T-acyclic, then the objects GrpA and GrwA are T-acyclic, as well F'^{A) D 
WP{A). As a consequence of acyclicity, the sequences: 

^ T(T9 n ^T(T9nvFP) ~^T{{F'' nwp)/{F'' nwp+^)) -^o 

are exact, and T{Fi{GrPyA)) is the image in T{GrPy{A) of T(T?n W^p). Moreover, 
the isomorphism GrxwTA ~ TGrwA transforms the filtration GrTw{TF) on 
GrrwTA into the filtration T{GrwiF)) on TGrwA. 

4.2.3. RT : D+F{A) -> D+F{M). 

Let T be a biregular filtration of K. 

A filtered T-acyclic resolution of K is given by a filtered quasi-isomorphism 
i: {K,F) {K',F') to a complex with a biregular filtration such that Gr^{K") 
are acyclic for T for all p and n. 

Lemma 4.12 (Filtered derived functor of a left exact functor T : A — > B). Sup- 
po.se we are given functorially for each filtered complex (K, F) a filtered T-acyclic 
resolution i : {K,F) {K',F'), we define T' : C+F{A) -> D+F{M) by the formula 
T'{K,F) = {TK',TF'). A filtered quasi-isomorphism f : {Ki,Fi) (^^2,^2) 
induces an isomorphism T'{f) : T{Ki,Fi) ~ T{K2t F2) in D^F{W}, hence T' fac- 
tors through a derived functor RT : D+F{A) D+F{M) such that RT{K, F) = 
{TK',TF'), and we have GrpRT{K) ^ RT{GrpK). 

In particular for a different choice [K" , F") of [K' , F') we have an isomorphism 
{TK",TF") ~ (TK',TF') in D+F{M) and 

RT{GrpK) ~ GrTP'T{K') ~ GrTP"T{K"). 

Example 4. 13. In the particular case of interest, where A is the category of sheaves 
of A- modules on a topological space X, and where T is the global section functor 
F of A to the category of modules over the ring A, an example of filtered T-acyclic 
resolution of K is the simple complex Q*{K), associated to the double complex 
defined by Godement resolution Chap.II, §3.6 p.95 or [H] Chap.II, §4.3 p. 167) 
g* in each degree of K, fihered by g*{FPK). 

This example will apply to the next result for bi-filtered complexes {K, W, F) 
and the resolution {g* K,g*W,g* F) satisfying 

Grg.pGrg.w{G*K) ~ g*{GrpGrwK) 
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4.2.4. RT : D+F2{h.) D+F2{M). 

Let F and W be two biregular filtrations of K. 

A bi-filtered T-acyclic resolution oi K is a bi-filtered quasi- isomorphism i : 
{K,W,F) {K',W',F') of {K,W,F) to a bi-filtered complex biregular for each 
filtration such that GrpGr'^{K ") are acyclic for T for all p, q and n. 

Lemma 4.14. Suppose we are given functorially for each bi-filtered complex {K, F, W) 
a bi-filtered T-acyclic resolution i : {K,F,W) — {K' , F' ,W') , we define T' : 
C+F(A) ^ D+F(B) by the formula T'{K,F,W) = {TK' ,TF' ,TW'). 
A bi-filtered quasi-isomorphism f : {Ki, Fi,Wi) — ?> {K2, F2,W2) induces an iso- 
morphism T'{f ) : T'(Ki,Fi,Wi) ~ r'(i^2, -F2, W^2) in D+F2{B), hence T' factors 
through a derived functor RT : D+F2{K) -> D+F2{V) such that RT(K,F,W) = 
{TK',TF',TW'), and we have GrpGrwRTiK) ~ RTiGrpGrwK). 

In particular for a different choice {K" ,F" ,W") of {K',F',W') we have an 
isomorphism {TK" ,TF" ,TW") :^ {TK' ,TF' ,TW") in D+F2{M) and 

RTiGrpGrwK) ~ GrTF'GrTW'T{K') ~ GrTF"T{K") 

4.3. The spectral sequence defined by a filtered complex. A decreasing 
filtration of a complex K by sub-complexes induces a filtration still denoted F 
on its cohomology H*{K). 

The aim of a spectral sequence is to compute the associated graded cohomology 
Gr*pH*{K) of the filtered group {H*{K),F), out of the cohomology H*{F'K/F^ K) 
of the various indices of the filtration. The spectral sequence EP'"^ {K, F) associated 
to (2], [5]) leads for large r and under mild conditions, to such graded cohomology 
defined by the filtration. 

A morphism in the derived filtered category defines a natural morphism of associ- 
ated spectral sequences; in particular a quasi-isomorphism defines an isomorphism. 

Later we shall study Mixed Hodge Complex where the weight spectral sequence 
becomes interesting and meaningful since it contains geometrical information and 
degenerates at rank 2. Now, we give the definition of the terms of the spectral 
sequence and some examples. 

To define the spectral terms EP''{K,F) or pE^'' or simply E^'^ with respect to F, 
we put for r > and p,q £ 1j: 

ZP" = Ker{d : FPKP+'' KP+'i+^ / FP+'' KP+i+^) 
BP1 ^ FP+^KP+i + d{FP-''+^KP+'^-^) 

Such formula still makes sense for r = cxo if we set, for a filtered object {A,F), 
F-°°{A) = A and F°°{A) = 0: 

ZP^ = Ker{d : FPKP+'' 

= FP+^KP+i + d{KP+'i+^) 

We set by definition: 

i?r = zpy{BP'i n ZD = ZP^/BP^ n zg? 

The notations are similar to ^6^ but different from [15) . 
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Remark 4.15. In our case, in order to obtain some arguments by duality, we note 
the following equivalent dual definitions to and Zg^: 

KP+i/BP" = coker{d : FP-''+'^ KP+''-'^ k^+i / FP+'^ {KP+'')) 

= coker{d : i^P+^+i ^ KP+y FP+'^ Rp+i) 

EP1 = ImiZP" RP+yBP'^) = Ker{KP+yBPi ^ RP+yiZP" + BP^). 

The term Gr^{HP'^'^{K)) is said to be the limit of the spectral sequence. If 
the filtration is biregular the terms EP'^ compute this limit after a finite number of 
steps; for each p, q there exists tq such that: 

ZP'^ = ZP^, BP^ = BPJ, EP'^ = EPJ, Vr>ro 

Note that in some cases, it is not satisfactory to get only the graded cohomology 
and this is one motivation to be not happy with spectral sequences and prefer to 
keep the complex as in the derived category. 



Lemma 4.16. For each r, there exists a differential dr on the terms EP'^ with the 
property that its cohomology is exactly E^^-^: 

E^l^ = H{EP-''''>+'-'^ EP" ^ 
where dr is induced by the differential d : ZP'^ ^p+r,q-r+i 

We define dr later with new notations for an increasing filtration. 
For r < oo, the terms Er form a complex of objects, graded by the degree p—r(p+g) 
(or a direct sum of complexes with mdexp—r{p+q)). The first term may be written 
as: 

^pq ^ HP+yGi^p{K)) 

so that the difi^erentials di are obtained as connecting morphisms defined by the 
short exact sequences of complexes 

^ Gr^+^K ^ FPR/PP+'^K Gr^pK 0. 

It will be convenient to set for r = 0, E^'^ = Gr^piKP+i). 

The spectral sequence Ef''^{K, F) is said to degenerate at rank r if the differentials 
di are zero for i > r independently of p, q, then we have in this case 

EP1 = Ef^ = EP^ for i > r. 

There is no easy general construction for {Er,dr) for r > 0; however we will see 
that in the case of Mixed Hodge Structures of interest to us the terms with respect 
to the weight filtration W have a geometric meaning and degenerate at rank 2: 
wE^^" = wEP^. 

4.3.1. Equivalent notations for increasing filtrations. For an increasing filtration W 
on K, the precedent formulas are transformed by the usual change of indices to pass 
from W to a, decreasing filtration F, that is F^ = W-i. 

Let W be an increasing filtration on K. We set for all j, n < m and n <i <m: 

WiW{WmK/WnK) = Im{W{WiK/WnK) ^ W{W,nK/Wr,K) 

then we adopt the following new notations for the terms, for all r >l,p and q: 
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Lemma 4.17. The terms of the spectral sequence for (K,W) are equal to: 
EP'^{K,W)) = Gr'YpHP+''{W-p+r-iK/W-p-rK). 

Proof. Let (K^jW) denotes the quotient complex Rp := W-p+r-iK /W-p-rK 
with the induced filtration by subconiplexes W; we put: 

BPJ{KP,W) := {W-p-iKP+'' + dW-p+r-iKP+''~^)/W-p-rKP+^ 

which coincide, up to the quotient by W_p_rKP+'', with Zpi{K, W) (resp. Bpo{K, W)) 
with: 

:= Ker (d : W.pRP+'i Kf+9+VVF_p_^iff+«+i) 
:= W-p-iRP+'i + dW-p+r-iKP+i-"" 

then, we define: 

= i.Sg(i.|^^Si^.^V^) = Gr-^.^^'i^-.^r-.KIW_p_.K) 

and find: 

El^iK, w) = zpyiBP'^ n = W^)/(i?g,«(if,^ w^) n ZP^{Kl, W)) 

= EPJ{KP,W) = Gr^^HP\W_p+r-iK/W_p_rK) 

□ 

To define the differential dr, we consider the exact sequence: 

W_p_rK/W_p_2rK W_p+r-lK/W_p_2rK -> W _p+r-lK /W _p_rK 

and the connecting morphism: 

HP+^W-p+r-lK /W-p-rK) AhP+1+^ {W-p-rK /W-p-2rK) 

the injection W-p-rK — > W-p-iK induces a morphism: 

^ : HP+1+\W-p-rK/W-p-2rK) ^ W-p-rHP+1+\W-p-lK/W-p-2rK) 

. Let TT denote the projection on the right term below, equal to £;p+''.9-'"+1: 

W-p-rHP+''+\W-p-iK/W-p-2rK) A Gr'^p-rHP+''+\W-p-iK/W-p-2rK) 

the composition of morphisms iroipod restricted to W-pHP~^'i{W-p+r-iK /W-p-rK) 
induces the differential: 

dr : EP'^ ^ £;P+r-,9-r+l 

while the injection W-p+r-i W-p+rK induces the isomorphism: 

H{EP'i,dr) A EPl, = Gr^^HP+'i{W-p+rK/W-p-r-iK). 
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4.3.2. Hypercohomology spectral sequence. Let T : A — ;> B be a left exact functor 
of abelian categories, and {K,F) an object of D+FK and RT{K,F) : D+FA 
D~^FM its derived functor. The spectral sequence defined by the complex RT{K, F) 
is written as: 

This is the hypercohomology spectral sequence of the filtered complex K . For an 
increasing filtration W on K, we have: 

wE^'"^ = RP+''T{Gr''^p) => Gr''^pRP+''T{K) 

It depends functorially on K and a filtered quasi-isomorphism induces an isomor- 
phism of spectral sequences. The differentials di of this spectral sequence are the 
image by T of the connecting morphisms defined by the short exact sequences: 

Grp-^K FPR/PP+'^K GrPpK 0. 

4.3.3. Examples. 1) Let K he & complex, the canonical filtration r is the increasing 
filtration by sub-complexes: 

T<p = ( > RP-^ Kerd ^0 ^ 0) 

then: 

GrlpK A- HP{K)[-p], H\t<p{K)) = H\K) if i < p, and if i > p. 

2) The sub-complexes of K: 

a>pK := K*^P = (0 )■ ^ RP ^ KP+'^ -^■■■) 

define a decreasing bircgular filtration, the trivial filtration of K such that GrPR = 
KP[—p], i.e., it coincides with the Hodge filtration on de Rham complex. 

A quasi-isomorphism f : K ^ K' is necessarily a filtered quasi-isomorphism 
for both, the trivial and the canonical filtrations. The hypercohomology spectral 
sequences of a left exact functor attached to the trivial and canonical filtrations of 
K are the two natural hypercohomology spectral sequences of K. 

3) Let / : X — )• F be a continued map of topological spaces. Let T be an 
abelian sheaf on X and J-"* a resolution of by /*— acyclic sheaves, then R^ ft^F = 
H^{ft,T*). The hypercohomology spectral sequence of the global section functor 
r(y, *) of the complex Rf^,T* with its canonical filtration, is: 

= MP+'^{Y,R-P,UT[p]) ci! H^P+'^{Y,R-Pf^J^) GrLpF^'+«(X, J^). 

This formula illustrates basic difference in Deligne's notation: the sheaf R~p f*J^\p] 
is in degree —p. 

In classical notations, Leray's spectral sequence for / and starts at: 

E'^" = HP{Y,R'3f,J^) 

To relate both notations we need to renumber the classical term E'^^'''~p into the 
new term EP''. 
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5. Mixed Hodge Complex (MHC) 

In this section, we give the definition of a Mixed Hodge Complex (MHC) and 
prove Dehgne's fundamental theorem that the cohomology of a Mixed Hodge Com- 
plex is endowed with a Mixed Hodge Structure. 

First, on an algebraic variety V, we define a cohomological version of a Mixed 
Hodge Complex, that we call Cohomological Mixed Hodge Complex (CMHC), 
which is defined essentially by a bi- filtered complex of sheaves {Kc, F,W) where 
the filtration W is rationally defined and satisfies precise conditions sufficient to 
define a Mixed Hodge Complex structure on the global section functor Rr{V,K). 
The results proved by Deligne are technically difficult and so strong that the theory 
is reduced to constructing such a Cohomological Mixed Hodge Complex for all al- 
gebraic varieties in the remaining sections; hence the theoretical path to construct 
a Mixed Hodge Structure on a variety follows the pattern: 

CMHC =^ MHC =^ MHS 

It is true that a direct study of the logarithmic complex by Griffiths and Schmid 
[l9] is very attractive, but the initial work of Deligne is easy to apply, flexible and 
helps to go beyond this case towards a general theory. 

The de Rham complex of a smooth compact complex variety is a special case 
of a Mixed Hodge Complex, called a Hodge complex (HC) with the characteristic 
property that it induces a Hodge Structure on its hypercohomology. We start by 
rewriting the Hodge theory that we know, with terminology that is fitted to our 
generalization. 

Let A denote Z, Q or R and A (g> Q the field Q or R accordingly as in section 
3, D+{Z)) (resp. D+{C)), D+{V,Z)), D+{V,C))) denotes the derived category of 
Z— modules (resp. C— vector spaces and corresponding sheaves on V). 

Definition 5.1 (Hodge Complex (HC)). A Hodge A-complex K of weight n con- 
sists of: 

i) A complex Ka of A-modules, such that H^{Ka) is an A-module of finite type 
for all fc; 

ii) A filtered complex {Kc,F) of C— vector spaces; 

iii) An isomorphism a : Ka O C ~ Kc in Z?+(C). 
The following axioms must be satisfied: 

(HC 1) the differential d of Kc is strictly compatible with the filtration F, i.e., 

: {K\,F) -> {K'^^^F) is strict, for all i; 
(HC 2) for all fc, the fihration F on H^{Kc) ^ H^{Ka) ® C defines an A-Hodge 
Structure of weight n -I- fc on H^{Ka)- 

Equivalently, in (HCl) the spectral sequence defined by {Kc,F) degenerates at 
Ei{Ei = Eoo) (see|4]4]or [6]), and in (HC2) the filtration is (n + fc)-opposed to 
its complex conjugate (conjugation makes sense since A C M). 

Definition 5.2. Let X be a topological space. An A- Cohomological Hodge Com- 
plex (CHC) K of weight n on X, consists of: 

i) A complex of sheaves Ka of A— modules on X\ 

ii) A filtered complex of sheaves {Kc, F) of C- vector spaces on X\ 

iii) An isomorphism a : Ka C ^ Kc in I?+(A", C) of C— sheaves on X. 
Moreover, the following axiom must be satisfied: 

(CHC) The triple {RT{KA),RT{Kc,F),RT{a)) is a Hodge Complex of weight n. 
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If {K, F) is a Hodge Complex (resp. Cohomological Hodge Complex) of weight 
n, then (i^ [m], is a Hodge Complex (resp. Cohomological Hodge Complex) 
of weight n + m — 2p. 

The following statement is a new version of Hodge decomposition Theorem: 

Theorem 5.3. Let X be a compact complex algebraic manifold and consider: 

i) Kj^ the complex reduced to a constant sheaf 1, on X in degree zero; 

ii) Kc the analytic de Rham complex with its trivial filtration — il*^^ by 
subcomplexes: 

FPn*x := ^ • • • ^ ^ ^ 17^ ^ 0; 

Hi) The quasi-isomorphism a: Kz ® C ^ (Poincare lemma). 
Then {Ki, {Kc, F),a) is a Cohomological Hodge Complex of weight 0; its hyper- 
cohomology on X , isomorphic to the cohomology of X , carries a functorial Hodge 
Structure for morphisms of algebraic varieties. 

The new idea here is to observe the degeneracy of the spectral sequence of 
{Q,*x,F) and deduce the definition of the Hodge filtration from the trivial filtration 
F on the de Rham complex without any reference to harmonic forms, although 
the proof of the decomposition is given via a reduction to the case of a projective 
variety, hence a compact Kahler manifold: 

Definition 5.4. The Hodge filtration F is defined on the cohomology as follows: 

FPW{x,c) := Fm'{x,n*j^) := im{ir{x, FPn*^) ir{x,n*x)), 

where the first equality follows from holomorphic Poincare lemma on the resolution 
of the constant sheaf C by the analytic de Rham complex il*^ . 

Proposition 5.5 (Deligne 5 ). Let X be a smooth compact complex algebraic 
variety, then the filtration F induced on cohomology by the filtration F on the de 
Rham complex is a Hodge filtration. 

The proof is based on the degeneration at rank one of the spectral sequence with 
respect to F defined as follows: 

fEP'"^ := W+^X, GrP,n*x) ~ H'^iX, f7^) ^ Gr^ HP+«(X, n*^). 

The degeneration at rank one may be deduced from classical Hodge decomposition, 
but it has been also obtained by direct algebraic methods by Deligne and Illusie in 
for the algebraic de Rham complex with respect to Zariski topology on which 
the filtration F is also defined. 

The isomorphism on complex smooth algebraic varieties between analytic and al- 
gebraic de Rham hypercohomology defined respectively with analytic and algebraic 
de Rham complexes is given by Grothendieck's comparison theorem (see |21j). 

Now, we define the structure including two filtrations by weight W and F needed 
on a complex, in order to define a Mixed Hodge Structure on its cohomology. 

Definition 5.6 (MHC). An A-Mixed Hodge Complex (MHC) K consists of: 

i) A complex Ka of A— modules such that H^{Ka) is an A-module of finite type 
for all k; 

ii) A filtered complex {Ka®iq,W) of {A (g) Q)— vector spaces with an increasing 
filtration W; 

iii) An isomorphism Ka (8 Q — > Ka®iq in D'^{A eg) Q); 
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iv) A bi-filtered complex (Xc, W,F) of C— vector spaces with an increasing (resp. 
decreasing) filtration W (resp. F) and an isomorphism: 

a: iKAm:W)^C^ {Kc,W) 

in D+F{C). 

Moreover, the following axiom is satisfied: 
(MHC) For all n, the system consisting of 

- the complex Gr^ (Ka^iq) of {A (g) Q)— vector spaces, 

- the complex Gr^ {Kc, F) of C— vector spaces with induced F and 

- the isomorphism Gr^ (a) : Gr^{KAm) <^ C ^ Gr^iKc), 
is an A O Q-Hodgc Complex of weight n. 

The above structure has a corresponding structure on a complex of sheaves on 
X called a Cohomological Mixed Hodge Complex: 

Definition 5.7 (CMHC). An yl-Cohomological Mixed Hodge Complex K (CMHC) 
on a topological space X consists of: 

i) A complex of sheaves Ka of sheaves of ^-modules on X such that H^{X^Ka) 
are A-modules of finite type; 

ii) A filtered complex (i^A^Q, W) of sheaves of {A eg) Q)— vector spaces on X with 
an increasing filtration W and an isomorphism Ka (g) Q — KA®<ii in A (g) Q); 

iii) A bi-filitered complex of sheaves {KiC:W,F) of C— vector spaces on X with an 
increasing (resp. decreasing) filtration W (resp. F ) and an isomorphism: 

a:{KAm^W)®C^{Kc.W) 

in D+F{X,C). 

Moreover, the following axiom is satisfied: 
(CMHC) For all n, the system consisting of: 

- the complex Gr^ {Ka®^) of sheaves of {A (E) (Q)-vector spaces on X; 

- the complex Gr'!!^ {Kc, F) of sheaves of C-vector spaces on X with induced F; 

- the isomorphism Gr^ (a) : Gr^ (Ka^q) (g) C ^ Gr^{Kc), 
is an v4 (g) Q-Cohomological Hodge Complex of weight n. 

If {K, W, F) is a Mixed Hodge Complex (resp. Cohomological Mixed Hodge 
Complex), then for all m and n G Z, (i4r[m], W[m — 2n],F[n]) is a Mixed Hodge 
Complex (resp. Cohomological Mixed Hodge Complex). 

In fact, any Hodge Complex or Mixed Hodge Complex described here is obtained 
from de Rham complexes with modifications (at infinity) as the logarithmic complex 
described later in the next section. A new construction of Hodge Complex has been 
later introduced with the theory of differential modules and perverse sheaves [1] and 
[32] but will not be covered in these lectures. 

Now we describe how we deduce first the Mixed Hodge Complex from a Co- 
homological Mixed Hodge Complex, then a Mixed Hodge Structure from a Mixed 
Hodge Complex. 

Proposition 5.8. If i^T = {Ka, {Ka^q, W), {Kc, W, F)) and the isomorphism a is 
an A-Cohomological Mixed Hodge Complex then: 

RTK = (RTKa, RTiKAm, W), RT{Kc, W, F)) 
with i?r(a) is an A-Mixed Hodge Complex. 

The main result of Deligne in [6] and [7] is algebraic and states in short: 
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Theorem 5.9 (Deligne). The cohomology of a Mixed Hodge Complex carries a 
Mixed Hodge Structure. 

The proof of this rcsuh requires a detailed study of speetral sequences and will 
occupy the rest of this section. We give here, before the proof, the properties of 
the various spectral sequences which may be of interest as independent results. 

Precisely, the weight spectral sequence of a Mixed Hodge complex is in the 
category of Hodge Structure. 

So, the Mixed Hodge Structure on cohomology is approached step by step by 
Hodge Structures on the terms of the weight spectral sequence wEr'^ of (Kc, W). 
However, the big surprise is that the spectral sequence degenerates quickly, at rank 
two for W and at rank one for F: this is all which is needed. 

A careful study shows that there are various induced filtrations by F on the 
weight spectral sequence wE^"^ of {Kc,W). Two direct filtrations Fd and Fd' 
and one recurrent Free are induced by F on the terms wE^'^. Under the conditions 
imposed on the two filtrations W and F in the definition of a Mixed Hodge Complex, 
the three filtrations coincide, the spectral sequence with respect to W degenerates 
at rank 2 and the induced filtration by F on the first terms Sf'' define a Hodge 
Structure of weight q (lemma on two filtrations). The filtration d\ is a morphism of 
HS, hence the terms i?^'^ carry a Hodge Structures of weight q. The proof consists 
to show that dr is compatible with the induced Hodge Structure, but for r > 1 
it is a morphism between two Hodge Structures of different weight, hence it must 
vanish. 

Proposition 5.10 (MHS on the cohomology of a MHC). Let K be an ^-MHC. 

i) The filtration W{n\ of H"{Ka) ^Q^ H"{Kais,q): 

(VF[n])g(iJ"(i^A®Q) := Im{H"{W,.nKAm) ^ ^^"('^a^q)) 
and the filtration F on H^'iKc) ^ H^'iKA) <»a C: 

i^f(F"(i^c) := Im{H^{FPKc) ^ /f"(ifc)) 
define on H^{K) an A-Mixed Hodge Structure, i.e.: 

{H^{Ka), (H^KAm), W), {H^{Kc),W, F)) 
is an A-Mixed Hodge Structure. 

ii) On the terms wEP'^{Kc, W), the recurrent filtration and the two direct filtrations 
coincide F^ = Free = Ed' and define the Hodge filtration F of a Hodge Sructure of 
weight q and dr is compatible with F. 

iii) The morphisms di : wE\''^ wE\^'^''' are strictly compatible with F. 

iv) The spectral sequence of (^^(giQ, W) degenerates at rank 2 {wE2 = wE^). 

v) The spectral sequence of Hodge Structures of {Kc,F) degenerates at rank 

1 (pEl = pEryo)- 

vi) The spectral sequence of the complex Grp{Kc), with the induced filtration W, 
degenerates at rank 2. 

Notice that the index of the weight is not given by the index of the induced filtra- 
tion W on cohomology, but shifted by [n] . One should recall that the weight of the 
Hodge Structure on the terms wEr''^ is always q, hence the weight of Gr^pHP^'^{K) 
is q, that is {W\p + q])q = W-p. 



Now, we are going to give the proofs of the statements of this introduction. 
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5.1. HS on the cohomology of a smooth compact algebraic variety. 

Proof of the proposition (5.5). i) For X projective, we use the Dolbeault resolution 
of the sub-complex F^iljf by the sub-complex FP£'^ defined as a simple complex 
associated to a double complex: 

This is a fine resolution (see ll.l7|) . which compute de Rham hypercohomology: 

W'{X,FPn*x) ~ H''{X,FP£*). 

Then we can identify the terms i?f = ' {X, fl^ ) with the harmonic forms of type 
(p, q) to deduce the degeneration of the spectral sequence {pE^''^ ,dr) of the filtered 
de Rham complex at rank 1 from classical Hodge theory, and moreover we obtain 
the Hodge decomposition on X. 

ii) If X is not projective, by Chow's lemma (see [33] p. 69), there exists a pro- 
jective variety and a projective birational morphism / : X' — > X. By Hironaka's 
desingularization ([H]) we can suppose X' smooth, hence X' is a Kiihler mani- 
fold. Then, by Grothendieck's duality theory ([5, § 4 or [21]), there exists for all 
integers p a trace map Tr(f) : Rf^Q^, — >■ inducing a map on cohomology 
Tr(/) : i/9(X',f]^,) ^ mlx^nP^), because H9(X, i?/*17^,) ~ miX' such 
that the composition with the canonical reciprocal morphism /* : H'^{X,Vfy.) — > 
Hi{X',n\,) is the identity: 

Tr{f) of* = id: m{x, n^,) ^ m{x', n^,,) ^ h\x, n^,) 

In particular we deduce that /* is injective. Since the map: 

f* ■.f*in^x,F)^{np,,,F) 

is compatible with filtrations, we deduce a map of spectral sequences: 

= H-^ix, np^) A E'p'^ ^ mix', m^,), /* : £;p«(x) ep\x') 

which is injective on all terms and commute with the differentials dr. The proof 
is by induction on r as follows. It is true for r = 1, as we have just noticed. The 
differential di vanishes on X'; it must vanish on X, then the terms for r = 2 
coincide with the terms for r = 1 and we can repeat the argument for all r. 

The degeneration of the Hodge spectral sequence on X at rank 1 follows, and it 
is equivalent to the isomorphism: 

H"(X, FPn*x) ^ FPW\X, 

Equivalently, the dimension of the hypercohomology of the de Rham complex 

il^f) is equal to the dimension of Hodge cohomology ®p+q=jH'^{X, il^). 
However, Hodge theory tells more. From the Hodge filtration, we deduce the 
definition of the subspaces: 

HP^'i{X) := FPW{X,C)r]F^W{X,C), forp + g = i 

satisfying H''''^{X) — H1''p{X). We must check the decomposition: 

H\X,<C)^®p+,^^HP''i{X), 

and moreover, we will deduce H'P''^{X) 2± H'^{X, i^^). We have: 

FPiJ"(X) n F"-P+ii7"(X) C FPH'\X') n F"-P+ii/"(X') = 0. 



56 



FOUAD EL ZEIN AND LE DUNG TRANG 



This shows that + is a direct sum. We want to prove that 
this sum equals H'"-{X). 

Let hP''^ = dimHP''^{X), since the spectral sequence degenerates at rank 1, we 
have: 

dimFPH"{X) = J2 dimi^"-P+iiJ"(X) = ^ h'^"-\ 

then: 

J2 /i''""' + - dimi/"(X) = ^ ft*'"-* 

from which we deduce J2i>p /i*'"^* < X]i<n-p ft*'"~*- 

By Serre duality on X of dimension TV, we have h^'^ — h^~'^'^~^ , which trans- 
forms the inequality into: Eiv-z<Ar-p < Eiv-^>iV-„+p/*'^"'''^""+% 
from which we deduce on H"^{X) for m = 2N — n, the opposite inequality by 
setting j = N-'i,q — N~n + p shows that, for all q and m: 

^/jj,™-j> ftJ>"-J, 

j>q j<m-q 



In particular: 



^/i*'"-'> ^ ft*'"-* hence ^ ft*'"-» = ^ ft*-' 

■i>p i<n—p i<.n—p 



This implies dimi^P + dimi^"-P+i = dimi7"(X). Hence: 



which, in particular, induces a decomposition: 

= pPR'^iX) © F"-i'"-P+i(X). 

Remark 5.11. If we use distinct notations for X with Zariski topology and for 
the analytic associated manifold, then the filtration F is defined on the algebraic de 
Rham hypercohomology groups and the comparison theorem (see [2Tj ) is compatible 
with the filtrations: W{X,FPn*x) ~ W[X'''\FPn*x.^). 

5.1.1. Let £ be a rational local system with a polarization, rationally defined, on 
the associated local system Cc — L (8)q C, then the spectral sequence defined by 
the Hodge filtration on de Rham complex with coefficients il^c '^C ^ degenerates at 
rank 1: 

El'' = H\X, nP^iC)) HP+^X, Cc), El'' = EP^ 

and the induced filtration by F on cohomology defines a Hodge Structure. The 
proof by Deligne proceeds as in Hodge theory. 

5.2. MHS on the cohomology of a Mixed Hodge Complex. The proof is 
based on a delicate study of the induced filtration W and F on the cohomology. 
To explain the difficulty, imagine for a moment that we want to give a proof by 
induction on the length of W . Suppose that the weights of a Mixed Hodge Complex: 
{K, W, F) vary from Wq = to 14^; = if and suppose we did construct the Mixed 
Hodge Structure on cohomology for ^ — 1 , then we consider the long exact sequence 
of cohomology: 
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If the result was established then the morphisms of the sequence are strict, hence 
the difficulty is a question of relative positions of the subspaces Wp and F'^ on 
H\K) with respect to lmH'{Wi^iK) and the projection on W{Grf' K). This 
study is known as the two filtrations lemma. 

5.2.1. Two filtrations. This section relates results on various induced filtrations on 
terms of a spectral sequence, contained in [6] and [7] (lemma on two filtrations). A 
filtration W oi a. complex by subcomplexes define a spectral sequence Er {K, W) . 
The filtration F induces in various ways filtrations on Er{K,W)., different in gen- 
eral. We discuss here axioms on W and F, at the level of complexes, in order to 
get compatibility of the various induced filtrations by F on the spectral sequence 
of {K,W). What we have in mind is to find axioms leading to define the Mixed 
Hodge Structure with induced filtrations W and F on cohomology. The proof is 
technical, hence we emphasize here the main ideas as a guide to Deligne's proof. 

5.2.2. Let {K, F, W) be a bi-filtered complex of objects of an abelian category, 
bounded below. The filtration F, assumed to be biregular, induces on the terms 
EP'^ of the spectral sequence E{K, W) various filtrations as follows: 

Definition 5.12 {Fd,Fd*). The first direct filtration on Er{K, W) is the filtration 
Fd defined for r finite or r = oo, by the image: 

FP{Er{K, W)) = Im{Er{FPK, W) Er{K, W)). 

Dually, the second direct filtration Fd* on Er{K, W) is defined by the kernel: 

FP. {Er{K, W)) = Ker{Er{K, W) Er{K/FPK, W)). 

This definition is temporarily convenient for the next computation, since the fil- 
trations Fd, Fd* are naturally induced by F, hence compatible with the differentials 
dr- 

Since for r = 0, 1, C Z^-?, 
Lemma 5.13. We have Fd = Fd* on E^'^ = GrPp{KP+i) and -Bf = HP+i{Gr^K). 
Definition 5.14 (Free)- The recurrent filtration Free on i?^*? is defined as follows 

i) OnEP'',Free^Fd^Fd*. 

ii) The recurrent filtration Free on EP'^ induces a filtration on ker dr, which induces 
on its turn the recurrent filtration Free on E'^"^^ as a quotient of ker dr- 

5.2.3. The precedent definitions of direct filtrations apply to EP^ as well and they 
are compatible with the isomorphism £'p^ ~ EP^ for large r. We deduce, via 
this isomorphism a recurrent filtration Free on EP^. The filtrations F and W 
induce each a filtration on Hp^'^{K). We want to prove that the isomorphism 
EP^ ~ Gr^HP+'i{K) is compatible with F at right and Free on EP^. 

5.2.4. Comparison of Fd, Free, Fd* ■ In general we have only the inclusions 
Proposition 5.15. i) On Ef.'^, we have the inclusions 

FdiEP") C FreeiEn C Fd* {EP") 
ii) On EP^, the filtration induced by the filtration F on H*{K) satisfy 

Fd(EP^)^F{EP^)^Fd*{EP^). 
ill) The differential dr is compatible with Fd and Fd* ■ 
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We want to show that these three filtrations coincide under the conditions on the 
Mixed Hodge Complex, for this we need to know the compatibihty of dr with Free 
which will be the Hodge filtration of a Hodge Structure. In fact, Deligne proves an 
intermediary statement, that will apply inductively for Mixed Hodge Complexes. 

Theorem 5.16 (Deligne). Let K he a complex with two filtrations W and F, 
where W is biregular and suppose that for each non negative integer r < r^, the 
differentials dr of the graded complex Er{K,W) are strictly compatible with Free, 
then 

i) For r <ro the sequence 

^ Er{FPK, W) Er{K, W) Er{K/FPK, W) ^ 

is exact, and for r = ro + 1, the sequence 

Er{FPK, W) Er{K, W) Er{K/FPK, W) 

is exact. In particular for r < rg + 1, the two direct and the recurrent filtration on 
Er{K, W) coincide Fd = Free = Fa* ■ 

a) For a < b and r < ro, the differentials dr of the graded complex Er{F°'K/F^K, W) 
are strictly compatible with Free- 

Hi) If the above condition is satisfied for all r, then the spectral sequence E{K, F) 
degenerates at Ei (Ei = -Eqo) o.nd the filtrations F^, Free, Fd* coincide into a unique 
filtration called F. Moreover, the isomorphism E^^ ~ Gr^HP^'^{K) is compatible 
with the filtrations F and we have an isomorphism of spectral sequences 

Gr^pEriK, W) ~ Er{GrPpK, W) 

Proof. This surprising statement looks natural only if we have in mind the degen- 
eration of E{K, F) at rank 1 and the strictness in the category of Mixed Hodge 
Structures. 

For fixed p, we consider the following property: 

{Pr) Ei{FPK, W) injects into Ei{K, W) for i < r and its image is F^^^ for i < r+1. 

We already noted that (Pq) is satisfied. The proof by induction on r will apply 
as long as r remains < ro. Suppose r < ro and {Pg) true for all s < r, we prove 

{Pr+i). The sequence: 

EriPPR, W) % EriPPR, W) EriPPR, W) 

injects into: 

Er{K, W) Er{K, W) Er{K, W) 
with image Fd = Free, then, the image of Fp^^ in Er+i: 

FP^^Er+i = Im[Ker{FP^,Er{K, W) ^ Er{K, W)) ^ Er+i{K, W)] 

coincides with the image of pP which is by definition Im[Er-\-i{FPK, W) — >■ Er+i{K, W)]. 
Since dr is strictly compatible with Free, we have: 

drEr{K, W) n EriPPR, W) = drEriPPR, W) 

which means that Er+i{FPK,W) injects into Er+i{K,W), hence we deduce the 
injectivity for r + 1. Since ker dr on Ff^^ is equal to ker dr on Er+\{FPK, W), we 
deduce PP^^ = pP on Er+2{K,W), which proves (P^+i). 

Then, i) follows from a dual statement applied to Fd* and ii) follows, because 
Er{P^K, W) M- EriP^K, W) is injective as they are both in Er{K, W). 
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iii) We deduce from i) the first exact sequence followed by its dual: 

Er{FP+^K, W) EriPPR, W) EriGrPpK, W) 

^ Er{K/FPK, W) ^ Er{FP+^K, W) ^ EriGr^pK, W) ^ 0. 

In view of the injections in i) and the coincidence of Fd — Free = Fd* we have a 
unique filtration F, the quotient of the first two terms in the first exact sequence 
above is isomorphic to Gr^Er{K, W), hence we deduce an isomorphism 

GrPpEriK, W) ~ EriGrPpK, W) 

compatible with dr and autodual. If the hypothesis is now true for all r, we deduce 
an exact sequence: 

^ E^F^K, W) ^ E^K, W) E^K/FPR, W) ^ 

which is identical to: 

^ GrwH*{FPK) GrwH*{K) GrwH*{K/FPK) ^ 

from which we deduce, for all i: 

H\FPK) H\K) W{K/FPK) 

and that the fihrations W induced on H\FPK) from {FPR, W) and from {H'{K), W) 
coincide. □ 

5.2.5. Proof of the existence of a MHS on cohomology of a MHC. The above theo- 
rem [5111] applies to Mixed Hodge Complexes, since the hypothesis of the induction 
on r in the theorem will be satisfied as follows. If we assume that the filtrations 
Fd — Free — Fd* coincidc for r < tq and moreover define the same Hodge filtration 
F of a Hodge Structure of weight q on EP'1(K, W) and dr : EP''' ->■ is 
compatible with such Hodge Structure, then in particular dr is strictly compatible 
with F, hence the induction apply. 

Lemma 5.17. For r > 1, the differentials dr of the spectral sequence wEr are 
strictly compatible to the recurrent filtration F — Free- For r>2, they vanish. 

The initial statement applies for r = 1 by definition of a Mixed Hodge Complex 
since the complex Gr^^K is a Hodge Complex of weight —p. Hence, the two 
direct filtrations and the recurrent filtration Free coincide with the Hodge filtration 
F on wE{'' = HP+'i{Gr^pK). The differential di is compatible with the direct 
filtrations, hence with Free, and commutes with complex conjugation since it is 
defined on A (g) Q, hence it is compatible with Free- Then it is strictly compatible 
with the Hodge filtration F = Frec- 

The filtration Free defined in this way is g-opposed to its complex conjugate and 
defines a Hodge Structure of weight q on - 

We suppose by induction that the two direct filtrations and the recurrent fil- 
tration coincide on wEs{s < r + 1) : Fd ~ Free = Fd* and wEr = WE2- On 
wE2'''^ = wEr''^, the filtration Free ■— F is compatible with dr and g-opposed to 
its complex conjugate. Hence the morphism dr : wEP''^ ly^'r^'^'''"'"^^ is a mor- 
phism of a Hodge Structure of weight g to a Hodge Structure of weight q — r+1 and 
must vanish for r > 1. In particular, we deduce that the weight spectral sequence 
degenerates at rank 2. 

The filtration on wEP^"^ induced by the filtration F on HP^'^{K) coincides with 
the filtration Free on ly^'f ''- 
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6. Logarithmic complex, normal crossing divisor and the mixed cone 

In the next two sections, we show how the previous abstract algebraic study 
applies to algebraic varieties by constructing explicitly the Cohomological Mixed 
Hodge Complex. First, on a smooth complex variety X containing a Normal Cross- 
ing Divisor (NCD) Y with smooth irreducible components, we introduce the com- 
plex of sheaves of differential forms with logarithmic singularities along Y denoted 
Q.*x{LogY) and sometimes Q.*x <Y >. Its hypercohomology is isomorphic to the 
cohomology oi X — Y with coefficients in C and it is naturally endowed with two 
filtrations W and F. It is only when X is compact that the bi-filtered complex 
{Vl*x{LogY) ^ W, F) underlies a Cohomological Mixed Hodge complex which defines 
a Mixed Hodge Structure on the cohomology oi X — Y. 

The Mixed Hodge Structure of a smooth variety V depends on the properties 
at infinity of V, i.e., we have to consider a compactification of ^ by a compact 
algebraic variety X, which is always possible by a result of Nagata PU]- Moreover, 
by Hironaka's desingularization theorem [26] , we can suppose X is smooth and 
the complement F = X — ^ is a Normal Crossing Divisor (NCD) with smooth 
irreducible components. Hence we can use {ilx{LogY),W,F) to define a Mixed 
Hodge Structure on the cohomology oi X ~ Y and then carry this Mixed Hodge 
Structure onto the cohomology of V. It is not difficult to show that such a Mixed 
Hodge Structure does not depend on the compactification X and will be referred to 
as the Mixed Hodge Structure on V. We stress that the weight W of the cohomology 
H^V) is > i, to be precise Wi_i = 0, W2^ = H\V). 

The dual of the logarithmic complex is more natural to construct and is an 
example of the general construction in the next section. Similar to the basic Mayer- 
Vietoris construction in cohomology, in the case of the normal crossing divisor Y ^ 
we define a resolution of the complex Zy by a complex Zy^ defined in degree j — 1 
by the constant sheaf Z on the disjoint sum Yj of the intersections of j distinct 
components of Y . The interest in such resolution is its construction from the 
spaces Yj forming what we call a strict simplicial resolution of Y . In such case we 
will develop a natural procedure to deduce a canonical Mixed Hodge Complex on 
Y . This construction is relatively easy to understand in this case, hence it is the 
best illustration of the construction in the following section. The weight W of the 
cohomology H^{Y) is < j, to be precise W-i ~ 0, Wj = H^{V). 

We associate to the natural morphism Zx Xy, a complex called the cone 
defining the relative cohomology isomorphic to the cohomology with compact sup- 
ports of the complement X ~Y , Poincare dual to the cohomology oi X — Y . 

The combination of the two cases, when we consider a sub-normal Crossing 
Divisor Z, a union of some components of Y , and consider the complement Y — Z , 
we obtain an open Normal Crossing Divisor which will be a model for the general 
case with the most general type of Mixed Hodge Structure on the cohomology 
H^{Y — Z) of weights varying from to 2j. 

Finally we discuss the technique of the mixed cone which associates a new Mixed 
Hodge Complex to a morphism of Mixed Hodge Complexes at the level of the homo- 
topy category, which leads to a Mixed Hodge Structure on the relative cohomology 
and a long exact sequence of Mixed Hodge Structures. However there exists an am- 
biguity on the Mixed Hodge Structure obtained since it depends on an homotopy 
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between various resolutions 11 . In this case the ambiguity is related to the em- 
bedding of the rational cohomology into the complex cohomology and equivalently 
related to the problem of extension of Mixed Hodge Structure in general. 

6.1. MHS on the cohomology of smooth varieties. Now we construct the 
Mixed Hodge Structure on the cohomology of a smooth complex algebraic variety 
V. The algebraicity of V allows us to use a result of Nagata [30] to embed V 
as an open Zariski subset of a complete variety Z. Then the singularities of Z are 
included in D := Z — V. Since Hironaka's desingularization process in characteristic 
zero (see |26]) is carried out by blowing up smooth centers above D, there exists 
a variety X Z above Z such that the inverse image of _D is a normal crossing 
divisor Y with smooth components in X such that X — Y c:i Z — D. 

Hence we may start with the hypothesis that V — X* := X—Y is the complement 
of a normal crossing divisor y in a smooth proper variety X, so the construction of 
the Mixed Hodge Structure is reduced to this situation, under the condition that 
we prove its independence of the choice of X. 

We introduce now the logarithmic complex and prove that it underlies a Coho- 
mological Mixed Hodge Complex on X and computes the cohomology of V. 

6.1.1. Logarithmic complex. Let X be a complex manifold and 1" be a Normal 
Crossing Divisor in X. We denote by j : X* X the embedding of X* := X — Y 
into X. A meromorphic form u has a pole of order at most 1 along Y if at each 
point y, fu! is holomorphic for some local equation / of y at y. Let ftx{*Y) denote 
the sub-complex of j'^fi^f defined by meromorphic forms along Y, holomorphic on 
X*. 

Definition 6.1. The logarithmic de Rham complex of X along a Normal Crossing 
Divisor Y is the subcomplex 17^ (Lop F) of the complex il.'^{*Y) defined by the 
sections uj such that and duj both have a pole of order at most 1 along Y. 

By definition, at each point y Y , there exist local coordinates {zi)i^[i^n] on X 
and J C [1, JT.] such that Y is defined at y by the equation H^g/Zi = 0. Then w has 
logarithmic poles along Y if and only if it can be written locally as: 

Edzi-. dzi .11 1 ■ 

i^ii,--- ,ir A • • • A where Wi^^... is holomorphic. 

This formula may be used as a definition but then we have to prove its independence 
of the choice of coordinates, that is lj may be written in this form with respect to 
any set of local coordinates at y. 

The Ox-module fl^{Log Y) is locally free with basis {dzi/ Zi)i^j and {dzj)j^^i n^_j 
and (Log Y) ~ A^O^^ {Log Y) . 

Let / : Xi — >■ X2 be a morphism of complex manifolds, with normal crossing di- 
visors Yi in Xi for i ~ 1,2, such that f~^{Y2) — Yi. Then, the reciprocal morphism 
/* • f*{j2*^*x') ~^ ji*^x* induces a morphism on logarithmic complexes: 

r : .rn*x,{LogY2) ^ n*x,{LogY^). 

6.1.2. Weight filtration W . Let Y — Uig/Fi be the union of smooth irreducible 
divisors. Let S'' denotes the set of strictly increasing sequences a = (ci, ■■■,<Jq) in 
the set of indices /, — Y„^,,,„^ — Y„^ n ... n Y„^, Y'^ — Uaes? disjoint 
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union of Ya-. Set Y'^ = X and II : Y'^ ^ Y the canonical projection. An increasing 
filtration W, called the weight, is defined as follows: 

Wm{fl^j,{LogY)) = J2 ^x'"" A dz^Jz^, A ... A dz^^/z,^ 

The sub-Ox-module Wm{^xi^^9^)) ^ ^xi^^9^) smallest sub-module 

stable by exterior multiplication with local sections of fl^ and containing the prod- 
ucts dzi^/zi^ A ... A dzi^/zi^ for fc < m for local equations Zj of the components of 
Y. 

6.1.3. The Residue isomorphism. To define the Poincare residue along a component 
of an intersection of Yi , we need to fix and order a set of hypersurfaces 1^ ^ , . . . , Fj^ to 
intersect. The following composed Poincare residue is defined on Gr^O^(iofify): 

Res : Gr^in^xi^ogY)) ^ YIM^-JT 

given by Res{[a A {dzijzi^ A ... A (dzi^/zi^)]) = a/Yi^^,„^i^. 
In the case m = 1, it defines: 

Res : n*x{LogY) ^ n*J7;.i[-l] 

where is the disjoint union of the irreducible components of y. In general it is 
a composition map of such residue in the one codimensional case up to a sign. We 
need to prove it is well defined, independent of the coordinates, compatible with 
the differentials and induces an isomorphism: 

Res : Gr^{n*x{LogY)) A-n*0;.™[-TO] 

We construct its inverse. Consider, for each sequence of indices a = (ii, . . . , im) in 
5™, the morphism : ^ Gr^ {^^x"" {Log Y)) , defined locally as: 

Pa{c() = a A dzcri/zai A ... A dzi^/zi^ 

It does not depend on the choice of Zi, since for another choice of coordinates z'^, 
Zj/z^ are holomorphic and the diflFerence {dzi/zi) — {dz'JzD = d{zi/zl)/{zi/zl) is 
holomorphic. 

Then Per (a) — a Adz -^/z-^ A... Adz- / z'^ G Wro-ifi^™ (Logy), and successively 
Pa{a)-p'^{a) e Wm-inP+'"{LogY)7we\a.ve p^{zi^ = and p^{dzi^ A^') = 
for sections /3 of and (3' of hence p^r factors by Jj^ on n*f2y defined 

locally and glue globally into a morphism of complexes on X: 

-p„ : n.f^P^ Gr^(f]^+"(Logy)), p : W.n*y^[-m] ^ GrZ^*x{LogY). 

Lemma 6.2. We have the following isomorphisms of sheaves: 
i) H\GrZn*xiLogY)) ~ n*Cym for i = m and for i m, 

a) H'(Wrn*x{LogY)) ~ H^Cy. for i < r and H'{Wrn*x{LogY)) =0 fori>r, 

and in particular H^(VL*x{LogY)) ~ Il^Cyi. 

Proof. The statement in i) follows from the residue isomorphism. 

The statement in ii) follows easily by induction on r, from i) and the long exact 
sequence associated to the short exact sequence — >■ Wr — >■ Wr+i — >■ Gr^+i — >■ 0, 
written as 

□ 
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Proposition 6.3 (Weight filtration W). The morphisms of filtered complexes: 

(n*^(LogY),W) ^ {n\{LogY),T) A {j.n*^,,T) 
are filtered quasi-isomorphisms. 

Proof. The quasi-isornorphism a follows from the lemma. 

The morphism j is Stein, since for each polydisc U{y) in X centered at a point y G 
Y , the inverse image X*r\U{y) is Stein as the complement of an hypersurface, hence 
j is acyclic for coherent sheaves, that is Rj^ilX^t o:^ j^il*^,. By Poincare lemma 
Cx* — ^jf-j so that Rj*Cx' — hence it is enough to prove Gr'lRjt:<Cx'' — 

n*Cyi, which is a local statement. 

For each polydisc U{y) = U with U* = U - U r\Y ^ (D*)" x D""", the 
cohomology H*([/, Rj*Cx* ) = H^{U* , C) can be computed by Kiinneth formula and 
is equal to A*H'^{U*,C) ~ A'r(i7, ^lij{LogY))) where dzi/zi,i € [l,m] form a basis 
dual to the homology basis since {D*y^ x is homotopic to an i— dimensional 

torus )™. □ 

CoroUciry 6.4. The weight filtration is rationally defined. 

The main point here is that the r filtration is defined with rational coefficients 
as {Rj^Q^^ , r) (gi C, which gives the rational definition for W. 

6.1.4. Hodge filtration F. It is defined by the formula = Cl'^^{LogY), which 
includes all forms of type (p', q') with p' > p. We have: 

Res : FP{GrZn*x{LogY)) - n,J^^'-'"f]^„ [-m] 

hence a filtered isomorphism: 

Res : {GrZ^*x{LogY),F) ~ {\i^n*Y^[-m], F[-m]). 

CoroUciry 6.5. The system K: 

(1) (K«, = (iij*Q^.,r) e OhD+F{X,q) 

(2) (K^,W^,F) = {^*x{LogY),W,F) G OhD+F2{X,C) 

(3) The isomorphism (K'^, W)®£^ (K^, W) in D+F{X, C) 
is a Cohomological Mixed Hodge Complex on X. 

Theorem 6.6 (Deligne). The system K = RV{X,'K) is a Mixed Hodge Complex. 
It endows the cohomology of X* = X — Y with a canonical Mixed Hodge Structure. 

Proof. The result follows directly from the general theory of Cohomological Mixed 

Hodge Complex. 

Nevertheless, it is interesting to understand what is needed for a direct proof 
and compute the weight spectral sequence at rank 1: 

wE^''{Rr{X,n*x{LogY)) = BP+''{X,Gr^pn*x{LogY)) ^BP+''{X,U,n^.^\p]) 
~ H^P+<'{Y-P,C) =^ Gr^HP+i{X*,C). 

where the double arrow means that the spectral sequence degenerates to the co- 
homology graded with respect to the filtration W induced by the weight on the 
complex level. In fact, we recall the proof up to rank 2. The differential di: 

-p 

di = ^{-iy+'^G{Xj,-p) = G : H'^P+\Y-P ,C) H^p+''+^{Y-p-\C) 
3=1 
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is equal to an alternate Gysin morphism, Poincare dual to the alternate restriction 
morphism: 

-p 

hence the first term: 

is viewed as a complex in the category of Hodge Structures of weight q. It follows 
that the terms: 

arc endowed with a Hodge Structure of weight q. 

We need to prove that the differential ^2 is compatible with the induced Hodge 
filtration. For this we introduced the direct filtrations compatible with ^2 and 
proved that they coincide with the induced Hodge filtration. The differential ^2 
is necessarily zero since it is a morphism of Hodge Structure of different weights: 
the Hodge Structure of weight q on E'j* and the Hodge Structure of weight q — 1 
on E2^'^''^~^ ■ The proof is the same as any Mixed Hodge Complex and consists 
of a recurrent argument to show in this way that the differentials di for « > 2 are 
zero. □ 

6.1.5. Independence of the compactification and functoriality. Let U he a complex 
smooth variety, X (resp. X') a compactification of [/ by a Normal Crossing Divisor 

Y (resp. Y') at infinity, j : U ^ X (resp. f :U ^ X') the open embedding; then 
jy.j' : [/ — )• X X X' is a locally closed embedding, with closure V. By desingularizing 

V outside the image of U , we are reduced to the case where we have a smooth variety 

X" U X such that Y" := f-^{Y) is a Normal Crossing Divisor and U ~ X" - Y", 
then we have an induced morphism /* on the corresponding logarithmic complexes, 
compatible with the structure of Mixed Hodge Complex. It follows that the induced 
morphism /* on hypercohomology is compatible with the Mixed Hodge Structure 
and is an isomorphism on the hypercohomology groups, hence it is an isomorphism 
of Mixed Hodge Structure. 

Functoriality. Let f : U — > V be a morphism of smooth varieties, X (resp. Z) 
smooth compactifications of U (resp. V) by Normal Crossing Divisor at infinity, 
then taking the closure of the graph of f in X x Z and desingularizing, we are 
reduced to the case where there exists a compactification X with an extension 
f : X ^ Z inducing / on U. The induced morphism / on the corresponding 
logarithmic complexes is compatible with the filtrations W and F and with the 
structure of Mixed Hodge Complex, hence it is compatible with the Mixed Hodge 
Structure on hypercohomology. 

Proposition 6.7. Let U he a smooth complex algebraic variety. 

i) The Hodge numbers h^'i := dim.ifP'«(Gr^,iJ'(?7)) vanish for p,q ^ [0,i]. In 
particular, the weight of the cohomology H^{U) vary from i to 2i. 

ii) let X be a smooth compactification of U, then: 

WiH\U) = Im {H\X) H\U)). 

Proof, i) The space Gr'^ H^{U) is isomorphic to the term i^j"'^''^ of the spectral 
sequence with a Hodge Structure of weight r, hence it is a sub-quotient of El~'^''^ = 
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H'^i-r{Y^-i) twisted by Q(i - r). Hence, we have hP^i{H^''-'' {Y'-^)) = 0, for 
p ~\- q = r, unless r — i > Q^2i — r > Q { i.e i < r < 2i ) and p G [0, 2r — i], 
hP'i{El^''''') ^ unless p e [i ~ r, r]. 

ii) Suppose U is the complement of a Normal Crossing Divisor. Denote j : U ^ X 
the inclusion. By definition W^H'■{U) = Im (ff (X, T<oi?i*Q(7) -> H'{U,Q)), hence 
it is equal to the image of Q) since Q is quasi-isomorphic to T<oi?j*Q(7. If 

X — U is not a Normal Crossing Divisor, there exists a desingularization tt : X' ^ X 
with an embedding of U in X' as the complement of a Normal Crossing Divisor, then 
we use the trace map Trir : Q) H'{X, Q) satisfying (Trn) on* = Id and 

compatible with Hodge Structures. In fact the trace map is defined as a morphism 
of sheaves i?7r*Qx' Qx J36], hence commutes with the restriction to U. In 
particular, the images of both cohomology groups coincide in H^{U). □ 

Exercise 6.8 (Riemann Surface). Let C be a connected compact Riemann surface 
of genus g,Y = {xi, . . . , Xm} a subset of m points, and C = C — Y the open surface 
with m points in C deleted. Consider the long exact sequence: 

0^i?i(C,Z) ^iJi(C,Z) = ©^zfZ^i/2(C,Z) ~Z^i/2(C,Z) =0 

then: 

^ H\C,Z) H\C,Z) -> Z"-i ~ Ker{®tz^Z ^ Z) ^ 
is a short exact sequence of Mixed Hodge Structures where (C, Z) = W2H^ (C, Z) 
is an extension of two different weights: WiH^{C,Z) = H^{C,Z) of rank 2g and 

The Hodge filtration is given by F"H^{C,C) = H^{C,C), F^H^{C,C) = 0, 
while: 

F^H\C, C) 2± (C, (0 ^ n^{Log{xu. . . , x™}) ~ H°(C, n^{Log{xi, ...,Xm}) 

is of rank g + m — 1 and fits into the exact sequence determined by the residue 
morphism: 

0^n^~^ ny{Log{xi, x™}) 0{^i,...^:r„} 0. 

Exercise 6.9 (Hypersurfaces) . Let i : F ^ P be a smooth hypersurface in a pro- 
jective variety P. 

1) To describe the cohomology of the affine open set U = P — Y we may use, by 
Grothendieck's result on algebraic de Rham cohomology, algebraic forms on P reg- 
ular on U denoted ^*(U) = Qp(*Y), or meromorphic forms along y, holomorphic 
on U denoted Slpon {*Y), where the Hodge filtration is described by the order of the 
pole ([S] Prop. 3.1.11) (but not the trivial filtration F on n*{U) and by Deligne's 
resulton the logarithmic complex with its trivial filtration F. 

2) For example, in the case of a curve in a plane P^, global holomorphic forms 
are all rational by Serre's result on cohomology of coherent sheaves. We have an 
exact sequence of sheaves: 

o^nj,^ iMp{LogY) -^nl. ^0. 

Since h^'" = h^'^ = 0, H"{P,flj,) = H^{P,nj,) = 0, hence we deduce from the 
associated long exact sequence, the isomorphism: 

Res : H°iP,n%iLogY)) ^ i?°(r,r2^), 

that is 1-forms on Y are residues of rational 2— forms on P with simple pole along 
the curve. 
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In homogeneous coordinates, let F = be the homogeneous equation of Y. We 
take the residue along Y of the rational form: 

A^zodzi A dz2 — zidzo A dz2 + Z2dzQ A dzi) 
F 

where A is homogeneous of degree d — 3 if F has degree d ([3] example 3.2.8). 

3) For P projective again, we consider the exact sequence for relative cohomology 

(or cohomology with support in Y): 

which reduces via Thom's isomorphism, to: 

h'"\u) a h''-^{y) ^ h''{p) a H''{U) 

where r is the topological Leray's residue map dual to the tube over cycle map 
T : Hk-2{Y) — >■ Hk~i{U) associating to a cycle c the boundary in U oi a tube over 
c, and is Gysin map, Poincare dual to the map i* in cohomology. 
For P — P"+i and n odd, the map r is an isomorphism: 

and for n even the map r is injective: 

H'^+^P) = ^ H'^+^U) A H"{Y) ^ = Q ^ H"+'^{U) 

then r is surjective onto the primitive cohomology: 

6.2. MHS of a normal crossing divisor (NCD). Let y be a Normal Crossing 
Divisor in a proper complex smooth algebraic variety. We suppose the irreducible 
components {Yi)i^i of Y smooth and ordered. 

6.2.1. Mayer-Vietoris resolution. Let Sq denotes the set of strictly increasing se- 
quences a = {(To, ...,a-q) on the ordered set of indices /, ~ Y^g fl ... n Ya^,Yq — 
Uo-gs, ^tr is the disjoint union, and for all j G [0,g],g > 1 let Xj,q : Yq — > Yq^i 
denotes a map inducing for each a the embedding Xj^a ■ Y„ — > Y^jQ) '^here a(j) — 
((To 7 o}, CTg) is obtained by deleting Cj. Let Hg : — > F (or simply H) denotes 
the canonical projection and A*^ : n*Zy_j_j — > H^Zy^ the restriction map defined 
by Aj,g for j e [0,(7]. 

Definition 6.10 (Mayer-Vietoris resolution of Zy). It is defined by the following 
complex of sheaves Il^Zy : 

^ n*Zy„ ^ n*Zyi ^ > n*Zy^*^^'n*Zy^ ^ • • • 

where bq-x = Eje[o,,] (-1)'^* g- 

This resolution is associated to an hypercovering of Y by topological spaces in 
the following sense. Consider the diagram of spaces over Y: 

< - 

ll=(ro ^ Yi ^ ••■ Vi : Y^---) ^Y 
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This diagram is the strict simplicial scheme associated in ^ to the normal crossing 
divisor Y, called here after Mayer- Vietoris. The Mayer- Vietoris complex is canon- 
ically associated as direct image by 11 of the sheaf Zy^ equal to Zy. on Yi. The 
generalization of such resolution is the basis of the later general construction of 
Mixed Hodge Structure using simplicial covering of an algebraic variety. 

6.2.2. The cohomological mixed Hodge complex of a NCD. The weight filtration W 
on n^Qy^ is defined by: 

M^-g(n,(QyJ - <T.>,n,Qy^ = n,(7.>,Qy^, Gr^,(n,QyJ ~ n,Qy,[-g] 

We introduce the complexes fiy. of differential forms on Yi_. The simple complex 
s(r2y ) is associated to the double complex n^fiy with the exterior differential d 
of forms and the differential J* defined by 5q-i = X]je[o g] -^j,? n*f2y^_^. 
The weight W , and Hodge F filtrations are defined as: 

w_q = s((T.>,r2yj = s(o ^ ■••0 ^ ^*^*Y^ n*^;._^+i ->■••) 
pp = s{a^>pD.'^^) = s(o ^ • • • ^ ^*^Y, ^ n*r2P+^ ^ • • • ) 

We have a filtered isomorphism in the filtered derived category of sheaves of abelian 
groups D+F{Y, C) on Y: 

{Gr^^s{^*yJ,F)^{IV,^*yyq],F) in D+F{Y,C)- 

inducing isomorphisms in C): 

(H.Qy^, W)®C= (Cy^, W) ^ {s{n*yJ,W) 

Gr^,(H,CyJ ~ T\XY^-q]^^*^*Y,[-q\ - Gr'^gS{n*yJ 

Let K be the system consisting of: 

(n,Qy^, W), Qy ^ H,Qy^, is{n*yj, W, F), (H*Qy^, w)®c^ {sin*Yj, W) 

Proposition 6.11. The system K associated to a normal crossing divisor Y with 
smooth proper irreducible components, is a Cohomological Mixed Hodge Complex 
on Y. It defines a functorial Mixed Hodge Structure on the cohomology H^{Y,Q), 
with weights varying between and i. 

In terms of Dolbeault resolutions : {s{£p*),W, F), the statement means that 
the complex of global sections r{Y, s{£p*),W, F) := {RT (Y, C) , W, F) is a Mixed 
Hodge Complex in the following sense: 

(Gr^,(Kr(r,c),F) :- (r(r, i^_,s(f *;_*)/r(y, w^_,_is(£:;p, F) 
^ {r{Y,Gr'^M£Y*)^F) ^ {Rm,nhH]),F) 

is a Hodge Complex of weight —i in the sense that: 

{H'\Gr^^RT{Y,C)),F) ~ (iJ"-^!;, C), F) 
is a Hodge Structure of weight n ^ i. 

The terms of the spectral sequence Ei{K, W) of {K, W) are written as: 

= mp+^iY,Gr'^j,{sn*yj) ^ mp+%Y,ii,n*yj-p]) ^ i/«(yp,c) 
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They carry the Hodge Structure of the space Yp. The differential is a combinatorial 
restriction map inducing a morphism of Hodge Structures: 

j<p+i 

The spectral sequence degenerates at E2 (£'2 = Eoo)- 

Corollary 6.12. The Hodge Structure on Gr^ Hp+'^ {Y, C) is the cohomology of 
the complex of Hodge Structure defined by {H'^{Y^,C),di) equal to H'i{Yp,C) in 
degree p>0: 

{GrYHP+\Y,C),F) ~ ((if^ (if«(n,C),di),F). 

In particular, the weight of W{Y,C) vary in the interval [0,i] (GrJ^iI'(F, C) = 
forg^ [0,i]). 

We will see that the last condition on the weight is true for all complete varieties. 

6.3. Relative cohomology and the mixed cone. The notion of morphism of 
Mixed Hodge Complex involves compatibility between the rational level and com- 
plex level in the derived category, hence up to quasi-isomorphism. 

To define a Mixed Hodge Structure on the relative cohomology, we define the 
notion of mixed cone with respect to a representative of the morphism on the level 
of complexes, hence depending on the representative. 

The isomorphism between two structures obtained for two representatives de- 
pends on the choice of an homotopy, hence it is not naturally defined. Nevertheless 
this notion is interesting in applications. Later, one solution is to consider Mixed 
Hodge Complex on a category of diagrams, then the diagonal filtration is a natural 
example of such construction applied for example on simplicial varieties. 

6.3.1. A morphism u : K ^ K' oi Mixed Hodge Complex (resp. CMHC) consists 
of morphisms: 

ua-.Ka^ K'a in D+A{res^.)D+{X,A)), 

UAm ■■ {KAm^ [K'Am^ W) in D+F{A O Q)( resp. D+F{X, A Q)), 

uc : {Kc,W,F) {K'c,W,F) in D+F2C( resp. D+F2{X,C).) 
and commutative diagrams: 

KAm K'j^m KAm®'^ ^Am®'^^ k'^^^^^c 

l\.a lia' HP HP' 

Ka®Q K'^C^Q Kc ^ 

in D+{A ® Q) (resp. D+{X,A(E, Q) and in D+F{C) (resp. D+F{X,C)) with 
respect to W. 

6.3.2. Let {K, W) be a complex of objects of an abelian category A with an in- 
creasing filtration W. We denote by {TmK,W) or (_ft'[l], the mixed shifted 
complex with a translation on degrees of K and W: Wn{TM K"^) = Wn-iK'^'^^ . 

Definition 6.13 (Mixed cone). Let u : K ^ K' he a. morphism of complexes in 
C~^F{A) with an increasing filtration. The mixed cone Cm{u) is defined by the 
complex TmK ® K' with the differential of the cone C{u). 
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6.3.3. Let u : K K' he a. morphism of a Mixed Hodge Complex. There ex- 
ists a quasi-isomorphism v = (wa, wa®q, wc) : K ^ K and a morphism u = 
{uA, MA(g)Q, uc) : K ^ K' oi Mixed Hodge Complexes such that v and u are defined 
successively in C^A, C^F{A ® Q) and C+F2C, i.e., we can find, by definition, 
diagrams: 

Ka Ka — > K'aj Ka(^q ^ KA(sn K' a<^q, Kc — > K'c, 



or in short K <^ K ^ K' (or equivalently K ^ K' <^ K') representing u. 

6.3.4. Dependence on homotopy. Consider a morphism u: K K' oi Mixed Hodge 
Complexes, represented by a morphism of complexes u : K ^ K' . 
To define the mixed cone Cm{u) out of: 

(i) the cones C{ua) e C+{A), Cm(ma®q) G C+F{A ® Q), Cm(uc) e C+F2(C), 
we still need to define compatibility isomorphisms: 

71 : CM{uAm) - C{ua) ® Q, 72 : (Cm(wc, W^) - (Cm(ua8q), VP") C 
successively in D^{A Q) and D^F{C). With the notations of 16.3.11 the choice 
of isomorphisms CAf((5,a') and Cm{P,/3') from the compatibility isomorphisms 
in K and K' does not define compatibility isomorphisms for the cone since the 
diagrams of compatibility are commutative only up to homotopy, that is there 
exists homotopies hi and h2 such that: 

a' o (ua^iq) - (ua (g) Q) o d = hi o d + d o hi, 

and: 

/3' o uc - {uA^q ® C) o P = h2 o d + d o h2. 
ii) Then we can define the compatibility isomorphism as: 

CM{a,d',hi) := : Cm(ua8q) ^ C(ua) ® Q 

and a similar formula for Cm{P, P\ h2). 

Definition 6.14. Let u: K ^ K' he a. morphism of Mixed Hodge Complexes. 
The mixed cone Cm('S, /ii, ^-2) constructed above depends on the choices of the 
homotopies {hi, /i2) and the choice of a representative u of u, such that: 

Gr':f{CM{u),F) c {Gr^_,{Tk),F) ® [Gr^K',F) 

is a HC of weight n; hence Cm{u, hi, ^,2) is a Mixed Hodge Complex. 

7. MHS ON THE COHOMOLOGY OF A COMPLEX ALGEBRAIC VARIETY 

The aim of this section is to prove: 

Theorem 7.1 (Deligne). The cohomology of a complex algebraic variety carries a 
natural Mixed Hodge Structure. 

The uniqueness and the functoriality will follow easily, once we have fixed the 
case of Normal Crossing Divisors and the smooth case. 

We need a construction based on a diagram of algebraic varieties: 

^ ^ < 

X* — {Xq ^ Xl ^ • • • Xq-l : Xq • • • ) 
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similar to the model in the case of a Normal Crossing Divisor. Here the X^,{Si) are 
called the face maps (see below [72] for the definition), one for each i S [0, g]. 

Moreover, we still need to state commutativity relations when we compose the 
face maps. When we consider diagrams of complexes of sheaves, we need resolutions 
of such sheaves, with compatibility with respect to the maps so as to avoid 

the dependence on homotopy that we met in the mixed cone construction. 

The language of the simplicial category gives a rigorous setting to state the 
compatibility relations needed, and leads to the construction in [7] of a simpli- 
cial hypercovering of an algebraic variety X, using a general simplicial technique 
combined with desingularization at the various steps. 

We will take this topological construction here as granted and concentrate on 
the construction of a cohomological mixed Hodge complex on the variety X. This 
construction is based on a diagonal process, out of various logarithmic complexes 
on the terms of the simplicial hypercovering, as in the previous case of normal 
crossing divisor, without the ambiguity of the choice of homotopy, because we carry 
resolutions of simplicial complexes of sheaves, hence functorial in the simplicial 
derived category. 

In particular, we should view the simplicial category as a set of diagrams and the 
construction is carried out in a "category of diagrams" . In fact, there exists another 
construction based on the "category of diagrams" of cubical schemes [3T], and an 
alternative construction with diagrams with only four edges [IV for embedded 
varieties. 

In all cases, the Mixed Hodge Structure is constructed first for smooth varieties 
and normal crossing divisors, then it is deduced for general varieties. The unique- 
ness follows from the compatibility of the Mixed Hodge Structure with Poincare 
duality and classical exact sequences on cohomology. 

7.1. MHS on cohomology of simplicial varieties. To construct a natural 
Mixed Hodge Structure on the cohomology of an algebraic variety S, not necessar- 
ily smooth or compact, Deligne considers a simplicial smooth variety tt : ^ 5 
which is a cohomological resolution of the original variety in the sense that the 
direct image ^^^,Zu^ is a resolution of Z5 (descent theorem, see Theorem 17. 7p . 

On each term of the simplicial resolution, which consists of the complement of 
a normal crossing divisor in a smooth compact complex variety, the various loga- 
rithmic complexes are connected by functorial relations and form a simplicial Co- 
homological Mixed Hodge Complex giving rise to the Cohomological Mixed Hodge 
Complex defining the Mixed Hodge Structure we are looking for on the cohomol- 
ogy of S. Although such a construction is technically elaborate, the above abstract 
development of Mixed Hodge Complexes leads easily to the result without further 
difficulty. 

7.1.1. Simplicial category. The simplicial category A is defined by its objects, its 
morphisms and the composition of morphisms. 

i) The objects of A are the subsets of integers A„ :— {0,1,..., n} for rt e N, 

ii) The set of morphisms of A are the sets Hp^g of increasing mappings from Ap to A, 
for integers p,q > 0, with the natural composition of mappings : Hpg x Hqr Hpr- 
Notice that / : Ap Aq is increasing in the non-strict sense Vz < j, f{i) < f{j)- 

Definition 7.2. We define for < i < n+1 the z— th face map as the unique strictly 
increasing mapping such that i ^ i5i(A„): Si: A„ — !• A„_(_i, i ^ (5i(A„) :— ImSi. 



MIXED HODGE STRUCTURES 



71 



The semi-simplicial category A> is obtained when we eonsider only the strictly 
increasing morphisms in A. In what follows we could restrict the constructions 
to semi-simplicial spaces which underly the simplicial spaces and work only with 
semi-simplicial spaces, since we use only the face maps. 

Definition 7.3. A simplicial (resp. co-simplicial) object X* := {Xn)neN of a 
category C is a contravariant (resp. covariant) functor from A to C. 
A morphism a : X* ^ K of simplicial (resp. co-simplicial) objects is defined by its 
components a„ : X„ — > y„ compatible with the various maps image by the functor 
of simplicial morphisms in Hpq for all p,q €N. 

The functor F : A ^ C is defined by r(A„) Xn and for each / : Ap — ^ Ag, 
by r(/) -.Xg^Xp (resp. r(/) : Xp ^ X,); T{f) will be denoted by X,{f). 

7.1.2. Sheaves on a simplicial space. If C is the category of topological spaces, we 
can define simplicial topological spaces. A sheaf F* on a simplicial topological 
space X^, is defined by: 

1) A family of sheaves F" on Xn, 

2) For each / : A„ — > A^ with X*(/) : Xm — > A„, an A* (/)— morphism -F*(/) 
from i^" to F", that is X^{f)*F'' on Xm satisfying for all g : Ar ^ A„, 

F4f°g) = F4.f)oF4g). 

A morphism u : F* G* is a family of morphisms u" : F" — )■ G" such that for all 
/ : A„ -S^ Am, u"'F*{f) = G*{f)u'' where the left term is: 

X,(/)*F"-^F'"^G'" 

and the right term is: 

X^^ffF'' X*(/)*G" G". 



The image of the i— th face map by a functor is also denoted abusively by the same 
symbol 6i : Xn+i A„. 

For a ring A, we will consider the derived category of cosimplicial sheaves of 
A— modules. 

7.1.3. Derived category on, a simplicial space. The definition of a complex of sheaves 
K ona simplicial topological space A* follows from the definition of sheaves, it has 
two degrees K := K^''^ where p is the degree of the complex and q is the simplicial 
degree, hence for each p, K^'* is a simplicial sheaf and for each q, K*''^ is a complex 

on Xq. 

A quasi-isomorphism (resp. filtered, bi-filtered) ^ : K ^ K' (resp. with filtra- 

tions) of simplicial complexes on A* , is a morphism of simplicial complexes inducing 
a quasi-isomorphism 7*'^ : K*'"^ — >• K'*''' (resp. filtered, bi-filtered) for each space 

Xq. 

The definition of the derived category (resp. filtered, bi-filtered) of the abelian 
category of abelian sheaves of groups (resp. vector spaces) on a simplicial space is 
obtained by inverting the quasi-isomorphisms ( resp. filtered, bi-filtered). 

7.1.4. A topological space S defines a simplicial constant space such that S„ = 

S for all n and S^ f) = Id for all / e Rp^i. 

An augmented simplicial space tt : X* S is defined by a family of maps 
TTn : Xn Sn = S defining a morphism of simplicial spaces. 
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7.1.5. If the target category C is the category of complex analytic spaces, we define 
a simplicial complex analytic space. The structural sheaves Ox„ of a simplicial 
complex analytic space form a simplicial sheaf of rings. Let tt : X^. — > 5 be an 
augmentation to a complex analytic space S, the de Rham complex of sheaves 

/s ^'^^ various n form a complex of sheaves on X* denoted . 
A simplicial sheaf F* on a constant simplicial space defined by S corresponds 
to a co-simplicial sheaf on S; hence if F* is abelian, it defines a complex via the 
face maps, with: 

d = ^(-1)^(5, : F" 

i 

A complex of abelian sheaves K on S^,, denoted by iC"''" with m the cosimplicial 
degree, defines a simple complex sK: 

i 

The filtration L with respect to the second degree will be useful: 

7.1.6. Direct image in the derived category of abelian sheaves (resp. filtered, bi- 
filtered). For an augmented simplicial space a : S, we define a functor de- 
noted Ra^, on complexes K (resp. filtered {K, F), bi- filtered {K, F, W))) of abelian 
sheaves on A",. We may view S" as a constant simplicial scheme 5* and a as a 
morphism a, : — > 5'*. In the first step we construct a complex I (resp. {I,F), 
(/,F, VF))of acyclic (for example flabby) sheaves, quasi-isomorphic (resp. filtered, 
bi-filtered) to K (resp. {K,F), {K, F,W))); we can always take Godement resolu- 
tions ( 28J Chap. II, §3.6 p. 95 or [IS] Chap. II, §4.3 p. 167) for example, then in 
each degree p, {aq)^!^ on Sq ^ S defines for varying q a cosimplicial sheaf on S 
denoted (a*)*/P, and a differential graded complex for varying p, which is a double 
complex whose associated simple complex is denoted s(a*)*/ := Ra^K: 

{Ra^KY ®p+,=„(a5).F^«; dx^" = d,(xP«) + (-l)P ;^(-l)'<5,.Tf« G (i?a.i^)"+- 

where q is the simplicial index ( 5i{x^'^) G IP^i^^ and p is the degree. In particular 
for S a point we define the hypercohomology of K: 

RT{X,,K) := sRT*{X,,K); W'{X,,K) := W{RT{X^,K)). 

Respectively, the definition of Ra^,(K, F) and Ra^,{K, F, W)is similar. 
The filtration L on s(a*),/ := Ra^K defines a spectral sequence: 

= R'^iapUKix,) ■■= H^'{R{apUK\xJ) ^ H^+^iRa^K) := R^+^a^K 

Remark 7.4 (Topological realization) . Recall that a morphism of simplices / : A„ 
Am has a geometric realization |/| : |A„| |Am| as the affine map defined when 
we identify a simplex A„ with the vertices of its affine realization in M^". We 
construct the topological realization of a topological semi-simplicial space AT* as 
the quotient of the topological space Y = Un>o"^" ^ equivalence 
relation TZ generated by the identifications: 

V/ : A„ ^ A„„x e X„,,ae |A„|, [x, |/|(a)) = (X,(/)(x),a) 
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The topological realization | is the quotient space of Y , modulo the relation TZ, 
with its quotient topology. The construction above of the cohomology amounts to 
the computation of the cohomology of the topological space \X^,\ with coefhcient in 
an abelian group A: 

W{X„A)^H\\X,IA). 

7.1.7. Cohomological descent. Let a : 5* be an augmented simplicial scheme; 
any abelian sheaf F on S, lifts to a sheaf a*F on X* and we have a natural mor- 
phism: 

ip{a) : F Ra^a*F in D+{S). 

Definition 7.5 (cohomological descent). The morphism a : X^, — )■ S" is of cohomo- 
logical descent if the natural morphism ip{a) is an isomorphism in D^(S) for all 
abelian sheaves F on S. 

The definition amounts to the following conditions: 

F A Ker{aQ^a*F a*i^); R'a^a*F = for i > 0. 

In this case for all complexes K in D^{S): 

Rr{S,K) ~ RT{X^,a*K) 
and we have a spectral sequence: 

Ef" = mi{Xp, a;K) ^ WP+^iS, K), di = : Ef'" ^ ^f+i'«. 

i 

7.1.8. MHS on cohomology of algebraic varieties. A simplicial complex variety X* 
is smooth (resp. proper) if every Xn is smooth (resp. compact). 

Definition 7.6 (NCD). A simplicial Normal Crossing Divisor is a family Yn C X„ 
of normal crossing divisors such that the family of open subsets J7„ :— X„ — y„ form 
a simplicial subvariety C/* of X^ , hence the family of filtered logarithmic complexes 
(ri3f {LogYn))n>o, W) form a filtered complex on X^,. 

The following theorem is admitted here: 

Theorem 7.7. f|7j 6.2.8) For each separated complex variety S, 
i) There exist a simplicial variety proper and smooth X^, over C, containing a 
normal crossing divisor Y^, in X^, and an augmentation a : U,, ~ (AT* — 1^*) — i- S 
satisfying the cohomological descent property. 

Hence for all abelian sheaves F on S, we have an isomorphism F — > Ra^,a* F. 
a) Moreover, for each morphism f : S ^ S' , there exists a morphism : A"* ^■ 
X'^ of simplicial varieties proper and smooth with normal crossing divisors and 
Yl and augmented complements a : U^, ^ S and a' : ^ S' satisfying the 
cohomological descent property, with f{U^,) C Ul and a' o f ^ a. 

The proof is based on Hironaka's desingularisation theorem and on a general 
contruction of hypercoverings described briefly by Deligne in after preliminaries 
on the general theory of hypercoverings. The desingularisation is carried at each 
step of the construction by induction. 

Remark 7.8. We can assume the Normal Crossing Divisor with smooth irreducible 
components. 
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7.1.9. An A-Cohomological Mixed Hodge Complex K (CMHC) on a topological 
simplicial space X* consists of: 

i) A complex Ka of sheaves of A— modules on A* such that ]HI'^(A*, iiT^) are A- 
modules of finite type, and W{X^,Ka) Q A H* ( A, , AT^ » Q) , 

ii) A filtered complex {Ka®Q: W) of filtered sheaves of ^ Q modules on A* with 
an increasing filtration W and an isomorphism KA®q_ — Ka ® Q in the derived 
category on A* , 

iii) A bi-filitered complex {Kc,W,F) of sheaves of complex vector spaces on A* 
with an increasing (resp. decreasing) filtration W (rcsp. F ) and an isomorphism 
a : (AT^^Q, W) ®C ^ (ATc, W) in the derived category on A*. 

Moreover, the following axiom is satisfied 

(CMHC) The restriction of K to each X„ is an A-Cohomological Mixed Hodge 
Complex . 

7.1.10. Let A* be a simplicial complex compact smooth algebraic variety with Y^, 
a Normal Crossing Divisor in A^, such that j U^, — (A* — F*) A^, is an open 
simplicial embedding, then 

{Rj^Z, {Rj^q, T<), {LogY,), W, F)) 

is a Cohomological Mixed Hodge Complex on X* . 

7.1.11. If we apply the global section functor to an A-Cohomological Mixed Hodge 
Complex K on X^, we get an j4-cosimplicial Mixed Hodge Complex defined as fol- 
lows: 

1) A cosimplicial complex Rr*KA in the derived category of cosimplicial A— modules, 
2 ) A filtered cosimplicial complex RT*{Ka0Q,W) in the derived category of fil- 
tered cosimplicial vector spaces, and an isomorphism {RT* Ka) <E)'Q — Rr*(KA(^Q)- 

3) A bi-filtered cosimplicial complex RT*{Kc, VF, F) in the derived category of bi- 
filtcred cosimplicial vector spaces, 

4) An isomorphism RT*{KAm^ VK) (g) C ~ Rr*{Kc, W) in the derived category of 
filtered cosimplicial vector spaces. 

The liypcrcohomology of a cosimplicial j4-cohomological mixed Hodge complex on 
A* is such a complex. 

7.1.12. Diagonal filtration. To a cosimplicial mixed Hodge complex K, we associate 
here a differential graded complex which is viewed as a double complex whose 
associated simple complex is denoted sK. We put on sK a weight filtration by a 
diagonal process. 

Definition 7.9 (Differential graded A-MKC). A differential graded _DG+ ( or a 
complex of graded objects) is a bounded below complex with two degrees, the first 
defined by the complex and the second by the gradings. It can be viewed as a 
double complex. 

A differential graded ^-Mixed Hodge Complex is defined by a system of DG~^- 
complex (resp. filtered, bi-filtered): 

Ka, (KAm, W),Ka ® Q ^ KAm, (Kc, W, F), {KAm, W)^C^ (Kc, W) 

such that for each degree n of the grading, the component {K^'^,W,F) underlies 
an A-Mixed Hodge Complex. 
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A cosimplicial Mixed Hodge Complex {K, W, F) defines a i^G^-A-Mixed Hodge 
Complex 

sKa, {sKAm^ W),sKa®Qc^ sKAm^ {sKc, W, F), (si^A»Q, VF) «> C ~ (sKc, W) 
the degree of the grading is the cosimplicial degree. 

Definition 7.10 (Diagonal filtration). The diagonal filtration S{W,L) of W and 
L on sK is defined by: 

where L^{sK) ~ s{KP''^)q^r- For a bi-filtered complex {K, W,F) with a decreasing 
F, the sum over F is natural (not diagonal). 

7.1.13. Properties. We have: 

Gri^'^^^HsK) c (BpGr^+,K*'n-p] 

In the case of a I?G+-complex defined as the hypercohomology of a complex {K, W) 
on a simplicial space X.^ , we have: 

Gri^'^'^^^RTK ~ ®pRT{Xp,Gr^_^pK*^P)[-~p]. 

and for a bi-filtered complex with a decreasing F: 

Gr',^'^'^^R{TK,F) ^ ®pRT{Xp,{Gr'^^^K,F))[-p]. 

Next we remark: 

Lemma 7.11. If H = {Ha,W, F) is an A-Mixed Hodge Structure, a filtration L 
of Ha is a filtration of Mixed Hodge Structure, if and only if, for all n, 

{GrlHA,GrliW),GrliF)) 

is an A-mixed Hodge structure. 

Theorem 7.12 (Deligne ([7] thm. 8.1.15)). Let K be a graded differential A-Mixed 
Hodge Complex (for example, defined by a cosimplicial A-mixed Hodge complex). 

i) Then, (sK^ 6(W, L), F) is an A-Mixed Hodge Complex. 
The first terms of the weight spectral sequence: 

5iw,L)El\sK ® Q) = ©„iJ«-"(Gr^i^*^f+") 

form the simple complex {s{w,L)Ef'' ,di) of A >S> Q-Hodge structures of weight q 
associated to the double complex where m = n + p and Ef is represented by the 
sum of the terms on the diagonal : 

iJ«-("+i)(Gr^iX*^"+i) A i7'?-"(Gr^if*'™+i) A (Gr^^i^*'"' 
d" t d" t d" t 

i?«-("+i)(Gr^ii^*^"') A i7'?-"(Gr^i^*^™) A H'i-^'^-^\Gr^_^K*^' 
where d is a connecting morphism and d" is simplicial. 

ii) The terms for r > 0, of the spectral sequence defined by {sKA<i$iQ, L) are 
endowed with a natural A-Mixed Hodge Structure, with differentials dr compatible 
with such structures. 

Hi) The filtration L on H* (sK) is a filtration in the category of Mixed Hodge Struc- 
tures and: 

Grl{HP+'^{{sK),S{W,L)[p + q],F) = {lE'^,W,F). 
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7.1.14. In the case of a smooth simphcial variety complement of a normal crossing 
divisor at infinity, the cohomology groups i/"(C/*,Z) are endowed with the Mixed 
Hodge Structure defined by the following Mixed Hodge Complex: 

i?r([/„ Z), RT{U,,Q), 6{W, L)),RriU,,n*x^ (LogY,)), S{W, L)), F) 

with natural compatibility isomorphisms, satisfying: 

Gri^"^^"^^ Rr{U.,q)^(BrnGr^+^RT {Urn, M))[-rn]-®^Rr Q)[-n- 2m] 

where the first isomorphism corresponds to the diagonal filtration and the second to 
the logarithmic complex for the open set Um', recall that Y^'^"^ denotes the disjoint 
union of intersections of n + m components of the normal crossing divisor Ym of 
simplicial degree m. Moreover: 

The filtration F induces on s{w,L)Ei''' a Hodge Structure of weight b and the 
differentials di are compatible with the Hodge Structures. The term Ei is the 
simple complex associated to the double complex of Hodge Structure of weight q 
where G is an alternating Gysin map: 

E.(-ir^.t E.(-iy<5.t E,(-ir^.t 

where the Hodge Structure on the columns are twisted respectively by (— n — 
1),(— n),(— n+ 1), the lines are defined by the logarithmic complex, while the 
vertical differentials are simplicial. We deduce from the general theory: 

Proposition 7.13. i) The Mixed Hodge Structure on is defined by the 

graded differential mixed Hodge complex associated to the simplicial Mixed Hodge 
Complex defined by the logarithmic complex on each term of X* and it is functorial 

in the couple 

ii) The rational weight spectral sequence degenerates at rank 2 and the Hodge Struc- 
ture on E2 induced by Ei is isomorphic to the Hodge Structure on GrwH'^iU,:,'^). 
iu)Thc Hodge numbers h^'^ of ff"(J7*, Q) vanish for p ^ [0, n] or g ^ [0, n]. 
iv) For K = 0, the Hodge numbers of J3""(X*,Q) vanish for p ^ [0,n] or 
q ^ [Q,n\ OY p + q > n. 

Definition 7.14. The Mixed Hodge Structure on the cohomology of a complex 
algebraic variety Z) is defined by any logarithmic simplicial resolution of X 

via the isomorphism with H'^{IJ^:,'L) defined by the augmentation a:U. ^ X. 

The Mixed Hodge Structure just defined does not depend on the resolution and 
is functorial in X since we can reduce to the case where a morphism f : X ^ Z ]s 
covered by a morphism of hypercoverings. 

7.1.15. Problems. 1) Let i : y — > X be a closed subvariety of X and j : U := 
X — Y ^ X the embedding of the complement. Then the two long exact sequences 
of cohomology: 

...^ H\X,X -Y,Z) ^ H' {X, Z) ^ H' (r, Z) ^ (X, Z) ^ . . . 
...^ Hir{X,Z) ^ H'{X, Z) H\X - F, Z) -)• H'^'^{X, Z) -)■ . . . 
underly exact sequences of Mixed Hodge Structure. 
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The idea is to use a simplicial hypercovering of the morphism i in order to define 
two Mixed Hodge Complexes: K{Y) on Y and K{X) on X with a weU defined 
morphism on the level of complexes i* : K{X) — K{Y) (resp. j* : K{X) — >■ K{X — 
Y)), then the long exact sequence is associated to the mixed cone Cm (**) (resp. 
CmU*)). 

In particular, one deduce associated long exact sequences by taking the graded 
spaces with respect to the filtrations F and W. 

2) Kiinneth formula :3.1]. Let X and Y be two algebraic varieties, then the isomor- 
phisms of cohomology vector spaces: 

H'{X xY,C)- ®r+s=^H^{X, C) ® H%Y, C) 

underly isomorphisms of Q-mixed Hodge structure. The answer is in two steps: 

i) Consider the tensor product of two mixed Hodge complex defining the mixed 
Hodge structure of X and Y and deduce the right term, direct sum of tensor prod- 
uct of mixed Hodge structures. 

ii) Construct a quasi-isomorphism of the tensor product with a mixed Hodge com- 
plex defining the mixed Hodge structure of X x Y. 

iii) Deduce that the cup product on the cohomology of an algebraic variety is com- 
patible with mixed Hodge structure. 

7.2. MHS on the cohomology of a complete embedded algebraic variety. 

For embedded varieties into smooth varieties, the mixed Hodge structure on coho- 
mology can be deduced by a simple method using exact sequences, once the mixed 
Hodge structure for normal crossing divisor has been constructed, which should eas- 
ily convince of the natural aspect of this theory. The technical ingredients consist 
of Poincare duality and its dual the trace (or Gysin ) morphism. 

Let p : X' ^ X he a proper morphism of complex smooth varieties of same 
dimension, Y a closed subvariety of X and Y' — p^^{Y). We suppose that Y' is 
a Normal Crossing Divisor in X' and the restriction of p induces an isomorphism 
p/x'-Y' -.X' -Y' ^X^Y: 

Y' ^ X' X'-Y' 
IPy ip Ipx'-Y' 

Y ^ X ^ X-Y 

The trace morphism Trp is defined as Poincare dual to the inverse image p* on 

cohomology, hence the Trp is compatible with the Hodge Structures. It can be 

defined at the level of sheaf resolutions of Zx' and Zx as constructed by Verdier 

[36] . that is in derived category Trp: Rp^'Lx' Zx hence we deduce by restriction 

morphisms depending on the embeddings of Y and Y' into X' . 

{Trp)/Y ■■ Rp*Zy' -> Zy, {Trp)/Y ■ H'{Y',Z) H'{Y,Z), andTrp : Hl{Y',Z) 

Hl{Y,Z). 

Remark 7.15. Let L'^ be a neighbourhood of Y in X, retract by deformation onto Y 
such that U' — p~^{U) is a retract by deformation onto Y'; this is the case if Y is 
a sub-variety of X. Then the morphism {Trp)/Y is deduced from Tr{p/u) in the 
diagram: 

H'{Y',Z) <^ H'{U',Z) 
i {Trp)/Y i Tr{p/u) 

W{Y,Z) ■h^ H'{U,Z) 
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Consider now the diagram: 

RTc{X' ^Y',Z) ^ RT{X',Z) ^ RT{Y',Z) 
Trpi ITrp i (Trp)|y 

RTcix-Y,z) ^ Rr{x,z) A i?r(r,z) 

Proposition 7.16. [11] i) The morphism pp: H\Y,Z) H\Y' ,Z) is injective 
with retraction {Trp)/Y- 

ii) We have a quasi-isomorphism of i*Zy- with the cone C{i'* —Tr p) of the morphism 
i'* — Trp. The long exact sequence associated to the cone splits into short exact 
sequences: 

0-^H\X',I.) '"-^''P^ H'{Y',Z)®H\X,Z) H'{Y,Z) 0. 

Moreover i'* — Trp is a morphism of mixed Hodge structures. In particular, the 
weight of H^{Y, C) vary in the interval [0, i] since this is true for Y' and X. 

Definition 7.17. The mixed Hodge structure of F is defined as cokernel ofi'* —Trp 
via its isomorphism with H'^{Y,Z), induced by (Trp)/Y + i* ■ It coincides with 
Deligne's mixed Hodge structure. 

This result shows the uniqueness of the theory of mixed Hodge structure, once 
the Mixed Hodge Structure of the normal crossing divisor Y' has been constructed. 
The above technique consists in the realization of the Mixed Hodge Structure on 
the cohomology of Y as relative cohomology with Mixed Hodge Structures on X, 
X' and Y' all smooth proper or normal crossing divisor. Notice that the Mixed 
Hodge Structure on W (y, Z) is realized as a quotient and not as an extension. 

Proposition 7.18. Let p : X' X he a, desingularization of a complete variety 
X, then for all integers i, we have 

W,^^H\X, Q) = Ker {H\X, Q) ^ H\X\ Q) 

Let i -.Y ^ X he the subvariety of singular points in X and let Y' :— p^^{Y), 
i' : Y' ^ X', then we have a long exact sequence: 

W-'^{Y',Q) H'{X,Q) H\X',Q)®H'{Y,Q) '^^"^') W{Y',Q)... 

Since the weight of H'^^^{Y' ,Q) is < i — 1, we deduce an injective morphism 

Gr^H'{X,Q) ^ Gr^H'{X',Q) © Gr^H'{Y,Q). It is enough to prove for 

any element a e Grf'H'{X,Q) such that Grf'(p*)(a) = 0, we have Grf {i*){a) = 
0; which follows from Grf^ [p'^y' ° **)('^)) = if prove Gr^ {p*yi) is injective. 
By induction on dim.y, we may assume the injectivity for a resolution Y ^ Y . 
There exists a subvariety Z C F'generically covering Y , then a desingularization 
Z of Z' Xy y is a ramified covering of Y, hence i?'(y,Q) injects into W{Z,Q). 
We deduce that H'^{Y,Q) H^{Z,<Q) is injective and in particular the factor 
H'{Y,Q) W{Y',Q) is also injective. 

Remark 7.19 (Mixed Hodge Structure on the cohomology of an embedded algebraic 
variety). The construction still apply for non proper varieties if we construct the 
Mixed Hodge Structure of an open normal crossing divisor. 

Hypothesis. Let iz '■ Z X a closed embedding and ix ■ X ^ P a closed 
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embedding in a projective space (or any proper smooth complex algebraic variety). 
By Hironaka desingularization we construct a diagram: 





X" 


^ P" 


; 


i 


i 


Z' 


X' 


^ P' 


i 


i 


i 


z 


X 


p 



first by blowing up centers over Z so to obtain a smooth space p : P' ^ P such 
that Z' :— p^^{Z) is a normal crossing divisor; set X' :— p^^{X), then: 

p\: X' - Z' ^ X - Z, p\: P' - Z' ^ P - Z 

are isomorphisms since the modifications are all over Z. Next, by blowing up 
centers over X' we obtain a smooth space q : P" — > P' such that X" := q^^(X') 
and Z" :— q^^{Z') are normal crossing divisor, and q\ : P" — X" ^ P' — X' . Then, 
we deduce the diagram: 

qx i qi qii 

X'-Z' % P'-Z' ^ P'-X' 

Since all modification are above X' , we still have an isomorphism induced by q at 
right. For dim.P = d and all integers i, the morphism q* : H^'^~^{P" — Z",Q) 
H^'^~^{P' — Z',(J) is well defined on cohomology with compact support since q is 
proper; its Poincare dual is called the trace morphism Trq : H^{P" — Z",Q) 
H^{P' — Z',Q) and satisfy the relation Trq o q* = Id. Moreover, the trace mor- 
phism is defined as a morphism of sheaves g*Zp//_2// — > Zp^^z' |36| . hence an 
induced trace morphism {Trq)\{X" - Z") : H'{X" - Z",Q) H\X' - Z',Q) is 
well defined. 

Proposition 7.20. With the notations of the above diagram, we have short exact 
sequences: 

^ H\P" - Z", Q) ^^^^^^—^H'{X" - Z", Q) ® W{P' - Z', Q) 

fe)--(T,.,)|(X"-Z")^ 

Since we have a vertical isomorphism q at right of the above diagram, we deduce 
a long exact sequence of cohomology spaces containing the sequences of the propo- 
sition; the injectivity of (i"x)* — Trq and the surjectivity of (i'xT ~ ^"^^ 
deduced from Trq o q* = Id and {Trq)\{X" - Z") o q*\{X' - Z') = Id, hence the 
long exact sequence splits into short exact sequences. 

Corollary 7.21. The cohomology — Z, Z) is isomorphic to — Z',Z) since 

X — Z X' — Z' and then carries the Mixed Hodge Structure isomorphic to the 
cokernel of [i'x)* ~ Trq acting as a morphism of Mixed Hodge Structures. 

The left term carry a Mixed Hodge Structure as the special case of the comple- 
mentary of the normal crossing divisor: Z" into the smooth proper variety P" , 
while the middle term is the complementary of the normal crossing divisor: Z" into 
the normal crossing divisor: X" . Both cases can be treated by the above special 
cases without the general theory of simplicial varieties. This shows that the Mixed 
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Hodge Structure is uniquely defined by the construction on an open normal crossing 
divisor and the logarithmic case for a smooth variety. 
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